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Abstract

In this manuscript, we propose a new integral transform called the Modified
Natural Transform. This transform can be considered as a base for several
potential new integral transforms. Many fundamental properties about this
new integral transform were created in this work. These properties include, for
example, the existence theorem, the Modified Natural Transform of Deriva-
tives theorem, convolution theorem, and inverse Modified Natural Transform.
The main advantage of this new technique is its ability to solve differential
equations with variable and constant coefficients. To demonstrate the effi-
ciency and utility of the presented transform for solving differential equations,

several examples are provided.

KeyWOI‘dSI Modified Natural transform, Natural transform, Laplace

transform, convolution theorem.
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1. Introduction

The differential equation holds significant relevance within the disciplines of physics, science,
applied mathematics, chemistry, physiology, and engineering. Consequently, investigators propose
the development of novel approaches for obtaining approximate solutions that are in close
approximation to the exact solution.

In the field of mathematics, there exist numerous integral transforms that are frequently utilized to
solve differential equations. As a result, there is a considerable body of literature dedicated to the
study of integral transforms. One example of such a transform is the Laplace transform, which was
first introduced by P.S. Laplace in the late 18th century [14]. The Laplace transform is not only the
oldest integral transform but also the most widely utilized. Another integral transform is the
Stieltjes transform, which was first introduced by T.S. Stieltjes in [18]. R.H. Mellin was the first
who provided a systematic formulation of the Mellin transformation in [7]. The Hankel transform,
also known as the Fourier-Bessel transform, was first developed by Hermann Hankel in [9]. D.
Hilbert suggested the Hilbert transform in [5], and J. Radon founded the Radon transform in [10].
The Laguerre transform was introduced by Edmond Laguerre in [12]. Lastly, G.K.Watugula
recently introduced Sumudu Transform in [6].

The natural transform was initially proposed by Z. H. Khan and W. A. Khan in [21], while the
Elzaki transform was presented by Tarig M. Elzaki in [17]. Khalid S. Aboodh introduced the
Aboodh transform in [11]. In [8], Srivastava suggested the new integral transform "M-transform".
The ZZ transform was developed by Zafar in [20]. The Yang Transform was introduced by
Xiao-Jun Yang in [19]. Mohand M. Mahgoub introduced the Mohand Transform in [13], and S.
Ahmadi et al. proposed a new integral transform to solve higher order linear Laguerre and Hermite
differential equations in [16]. Finally, R. Saadeh et al. introduced the ARA Transform in [15].
Yahya has a keen interest in integral transform methods. He utilized the Differential Transform to
tackle boundary value problems represented by higher-order differential equations, as well as
systems of differential equations. Furthermore, he proposed the combination of the homotopy
perturbation method with the Sumudu Transform to address initial value problems for nonlinear
partial differential equations. Additionally, he introduced the hybridization of the Natural
Transform method with the homotopy perturbation method to solve the Van Der Pol Oscillator
problem [1-4].

The aim of this paper is to exhibit the efficacy and adaptability of a novel integral transform, and to
apply it to solve ordinary differential equations with both variable and constant coefficients. The
subsequent sections are arranged in the following manner: Section 2 elucidates the fundamental
concept of the modified natural transform, also, delves into the introduction of the modified natural
transform for certain functions, and establishes certain properties. Section 3 showcases the
application in solving ordinary differential equations, and Section 4 concludes the paper with a
summary of the findings.

The modified natural transform was introduced by Yahya to facilitate the process of solving
ordinary and partial differential equations in the time domain.
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Typically, Fourier, Laplace, and Sumudu transforms are the convenient mathematical tools for
solving differential equations. Additionally, the modified natural transform and some of its

fundamental properties are used to solve differential equations.

A new transform called the modified natural transform we define for functions of exponential order.
We consider functions in the set A , which is defined by:

4
XL

A=1f(x) | 3N, > 0, |f(z) < Mexp|H, if @ € (~1) x[0,0¢) (1)

= |

L}

For a given function in the set A , the constant M is a real number, such as / -1, Here, [ may

be finite or infinite.

2. The Modified Natural Transform
Defintion1: The modified natural transform is denoted by the operator M(¥, which we define by

the integral equations.

B f(z)] = M(su,u) = J flsur)e “dr = h—lH j_,l‘{r’.ur ‘de. w0, s>0. uw=>0 (2)

The variables z and s in this transform are used to factor the variable ¢ in the argument of the
function £. This transform has a deeper connection with the Laplace transform. We also present

many different properties of this new transform and the Sumudu transform, with a few properties
extended.

The purpose of this study is to show the applicability of this interesting new transform and its
efficiency in solving linear differential equations.
Theorem1: [Sufficient Condition for Existence of the modified natural transform]:

Jlre
The modified natural transform M[A{x)] exists if it has exponential order and exists
forany n> 0.
Proof.
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_HWJ|ﬂJﬂ¢L+1 1
s A

Therefore, the integral

The first integral exists and the second term is finite for /7 > s

1,
— | flzle *dx

i ‘f converges absolutely and the modified natural transform M[f{x)] also exists
Theorem2: The duality relationship between the Laplace and the modified natural

transforms.
Let L[A(x)] be the Laplace transform and M| f(x)] be the modified natural transform, then

| —
—_—

i Misu,u) = sul
8

L,M[l
i

Sl L]

ii. L(s) =

Proof.
M(su,u) = L ‘f[_?f:l-:" sdr = kra[ij_,l’u]r A ri.a.'] = sull [l]
ST 5

su
1 1
)

—J flz)e r:f: o
St sl

5Lmﬂ=fﬂmﬂ kJJﬂh'rh

Lemma: The Modified Natural Transform of Some Functions
For any function £x), we assume that the integral equation (2) exists. The sufficient conditions for

the existence of the modified natural transform are that fx) for x* 0 is piecewise continuous
14 5
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and of exponential order. Otherwise, the modified natural transform may or may not exist. In this

section, we find the modified natural transform of simple functions.
1. Let fix)=1,then

L

S 1
MU=]rWM=? (3)

2. Let f(x) =z, then

x

M[x] = J "sure “dr = —. (4)

3. Let f(z) =", then

P 25"
M[z*] = J sutse "y = — ()
| u
In general, if # = 0 is an integer number, then
\. _ { n-l
Mz = J syt ey = & (G)

W
The  relationship can be  written as the function of gamma in  the

Mz ] = L0 (7)
4. Let fiz)=e"", then

1

P’ﬁq rlu." — -!_:mu.'f, I df — ) 8
L] v! il — ces) ®)
This outcome will prove beneficial in determining the modified natural transform for the following:

(%)

Flsin az| = ————. (9]
| J ull + a®s?)
1 )

Wleos nz| = ————no. (10}
u(l +0°s7)

(%3 "

Fl|sinh oy | = ————. (11)
l J ull —as”)

I|eosh ax] = ! (12)

ull — a’s?)
form

Lemma: The modified natural Transform of Derivatives
Let M (su,u) is the modified natural transform of M| A{(x)]. Then:

1446
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Let Misu,u) is the modified natural transform of B[ f{z)]. Then:

i M[f'(z)] = Wf“

if{ﬂ)-

ii. M| () _M——} }I——f(

51

i, M| (z)] = Msu, u) —i L),

n
8 s U

Proof.
i Ml[f'{r}] = ff’[ﬁm*} e i

Integration by parts to find that:

——fl0) (13).

le"[:jjll = m I?JI'L

il M[f"l[:r}‘ = j.f"{.-;u;ar] £

When using integration by parts and taking advantage of the previous relationship, we find:

Ml._f”lfi')] _ ;H[:::L,:L} B 1

51 SUu

1ii. We can prove the validity of the property using mathematical induction.

Theorem3: [Convolution Theorem]
Let Mi fi [-J:]l] = .Mf{.nm_. ), Ml’,r;r[::]] = M (su,u), then
M | flz)» ,;{x;.] = st M (su,u) - M (52, ). (25)

Proof.

We know that

) gla) = [ frigta —r)dr

Lo -L 0. (14).
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flx)  glx) = j.f{f)g(ﬂr — )T

Then

- -r?'.!ff{‘.l' —r)dr; D<r<z<oc

= - u f[r}de! glx — T}e = ri-.:r

When o — 7 =1v then r = v+ v, we get

m[fe) = o] = = [ sy [ o+ av

]

1 7 T 1 i
= su|— e dr||— [v)e * du
[.-;-un! Il J.-mv! 9(v)

= St M; (su.u) - ,er{.-;u._ 1)

Theorem4: The modified natural Transform of =" 7 (z): a0 = 1,3 >10
i. When oo =19 =1, then

Proof.

We know that

flz) + glx) = j-f{f}g(;:r — 7 )dT
Then

Mif[j)*q —j j{ﬂ*g[r)]e r'.!'.:

_ L e n’.:ff{fq{ﬂr—,]._: D=7<r<no

su
0

= —J f(r}dfj gle — r}e_: i
a 1] T
When ¢ — 7 =w then =7 + v, we get

[r+e)

M[f T qu:’.‘r‘}]— f_fl[f}n!rfq:]r v dv

= ff gl _: d
-m[wJ( firie *dr Jsu,v! glie w]
= g1+ Mjfm_n] -M!r{m._-u]

Theorem4: The modified natural Transform of ;r"f'”{:r:j: a=13=0

i. When o = 1,/9 =01, then

14 -8
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o d{ Msu,u))

Mz f(x)] = s y + s M(su,u). (15)
s
ii. When o = 2.4 = (), then
2 i d-: 3 I'i 2
Mz fz)] = 5" — M(su,u) + 4s ,T'M{m’ i)+ 25 Misu,u). (16)
s 3
iii. When o = 1.9 =1, then
Wl[zf'(z)] = & ;i,-‘ldl[su._ ). (17)
8
With another formula,
Mz f'(x)] = M(su,u) — = £(0). (18)
i
iv. When o =2.9 =1, then
T gt 2, d 1 d*
Wx™ fiz)| = (45 — 287 ) — M(su, uw) + 57 — M(su,u). (19)
ds ds*
With another formula,
, 3s s,
Mz™ f'(x)] = 3sM(su,u) — Tfliﬂ} — ?_f (0). (20)
v. When o =1, =2, then
" i 1 3 3 r .
Mxf"(x)] = — Mlsu, u) — = M(su, u) — — f(0) = — f1(0). (21)
s 5 St il
vi. When o = 2,9 = 2, then
T pir b dj
Mz f () =s FM(E‘H,H}. (22)
s
With another formula,
Mz*f"(z)] = M(su,u) - £(0) — > £'(0). (23)
1t m

1482 9
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Theorem5: Inverse Modified Natural Transform

Let F-;-'Ii _."'I_“:r-j.| = M(su,u) be the modified natural transform of  f{z), then

1 ]-;"Vfl;.wrr. uj| = flx).

(24)

The modified natural transform Table for some functions.

No. fx) M (su, u) = M[£f(x)]
1 1 1
7
2 X s
u
3 X' n=123K (n- Dis™
u
1
4 exp(ax) i a5
5 Xn— 1 eax Sn- 1
(n- DY n=12K u(l- as)”
6 Xzz— 1 eax Sn— 1
G(n) u(l- as)”
7 sin ax s
a u(l+ a’s®)
1
8 cosax ——
u(l+ a’s’)
bx _:
9 ¢’ sinax s
a u((1- bs)’ + a’s’)
10 b 1- bs
6’ COSc'lX U((l' b5)2+ 3252)

3. Applications of the modified natural transform

The modified natural transform is used to solve differential equations, where the modified natural
transform converts the linear differential equation with constant coefficients into an algebraic
equation. The technique of solving algebraic equations is easier than solving initial value problems
and higher-order linear differential equations with constant coefficients.

14 5210
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Examplel. Use the modified natural transform to solve the given initial value problem:
(o) +ylz)=z+1  y0)= -1 (26)
Solution. applying the modified natural transform to both sides, we obtain

Mly'(2)] + Miy(z)] = Miz] + M[1]
Mesww) L o) Misuu) =2 + L

58 5 u u

By satisfying the initial condition, we find that

M) Ly s Mswuy =2+ 1
§ e TRt
s+1 s+1 1
(I’ i VM (su,u) = - S
3 1t Fan
5 1
Msu,u) = -
w o wull+s)

By applying the inverse modified natural transform to both sides, we have

1
(1l + 5)

— A

Bl ]I.a"v’f(.-i-u.m]l =M '.i

(!

Thus, the exact solution of the initial value problem (26} 15 given by
ylr)=z—e "
Examplel. Use the modified natural transform to solve the given initial value problem:

y"(x) + y'(z) + ylz) = ¢ sinz, y(0) =2, 3(0)=—1. (27)

Solution. applying the modified natural transform to both sides, we obtain

M[y"(2)] + Mly'(z)] + M[y(z)] = Mle ™ sin z]
Ml s, u)

f:
8

(51, 1) B

1 1 M i
——f(0)— —F'(0)+ .
B 51 5

1
Ef{ﬂ] + fM{.'b'H._ T!.-] = m

By satisfying the initial condition, we find that

14 &+ 11
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.M(s::.. u) i + 1 i M(su,u) 2 Eohboth)= 8 £
§ su Su S st u((14s) +5)
(.s' +f+l)M(su.,u)= 2;}-3+ so :
s su o u(14s) +5)
145 1
M(su,u) = s + -

w148 +5°) u

By applying the inverse modified natural transform to both sides, we have
435 1
1]

— |+ M
u((1+4s)" +5)

M [ M(su,u)| = M

Thus, the exact solution of the initial value problem (27) is given by
y(z) =e*cosx +1

Example3. Use the modified natural transform to solve the given integro-differential equation:
’ .
ry'(z) + j exp(z —uy(u)du =0, y0)=1 zeR . (28)

Solution. applying the modified natural transform to both sides, we obtain

z

j .OX])(.'I.‘. — u)y(u)du

u

M(su, u.)—-l- F(0) + su- ( 1

'll o

Mlay'(z)] + M =0

: s M(su,u) =0

14 5212



LS iy Aduallad. capdn (eSS Jusad "Jinal) asdal) Jagal

Solution. applying the modified natural transtform to both sides, we obtain

jl explr — u)y(u)du

Ry’ (x)] + M = ()

M s u) — lL,I‘f'.']]l + s - ; - M(suu) =10
1 il — s5)

By satistying the initial condition, we find that

1, 1
Misuu) ——(1) + st - ———— M(su,u) =0

1 u(l — s
(1 1
M su, 'r.'.}{ ] = —
l—s i
Misu,u) = 1.5
wooou

By applying the inverse modified natural transform to both sides, we have

1 :
Il II.-H{::JL'H.]‘ =M= il
i

—M'l

i

Thus, the exact solution of the integro-differential equation (28) 1s given by
ylr)=1-=z

4. Conclusion

The primary objective of this study is to present the fundamental properties of the integral transform
that we previously defined and called “The modified natural transform”. It has been found that the
use of the modified natural transform is simpler than Natural transform, and the convolution
theorem has also been proven for the modified natural transform. This new integral transform
presents a novel mathematical approach for solving differential equations with both variable and
constant coefficients, as well as their initial conditions. We recommend researchers and enthusiasts
in this field to apply our new integral transform to fractional differential equations.
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