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The Best Uniform Polynomial

Approximation To Class Of The Form !

at—x4

Dr. Rahaf Al Dakkak™

Abstract

It is very useful to be able to replace any given function by a simpler
function, such as a polynomial, chosen to have values not identical
with but very close to those of the given function.

And as it is known best approximation by polynomials is an important
subject in approximation theory and has a large number of
applications such as the numerical computation of a best
approximating polynomial , partial differential equations , differential
equations etc.....

In this paper we determine the best uniform polynomial
approximation out of P, (the space of polynomials of degree at most

4n )to a class of rational functions of the form ﬁ on [—c,c].
In this way we introduce a theorem about the best approximation of
this class of rational function and we also obtain Chebyshev

alternative set of these classes of functions.

Keywords: Uniform approximation, Chebyshev alternative,
Chebyshev polynomials.
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1. Introduction.

Let [b,d] be a closed and bounded interval of the real line . A space
of continuous real valued functions on [b,d] is denoted C[b,d] ,
That’s:

C[b,d] = {f:[b,d] - R: f is continuous}.

For all functions f € C[b,d], the uniform norm or L, - norm is
defined by
£ lleo = MXxcqp,ar F COI
Definition 1. [2]

Let f € C[b, d],there exists a unique polynomial p;, € B, such that:
”f_pr*llloo < ”f_pn”oo , Vpn € By
and py, is called the best uniform polynomial approximation to f on
[b,d].

Where P, is the space of algebraic polynomials of degree at most n.
The problem of existence and unique of such polynomial is studied in
[2].

Theorem 1. [2] (Chebyshev Alternative Theorem)

Let f € C[b,d] and A(x) = f(x) —p(x), then p(x) is the best
uniform polynomial approximation to f on [b,d] if and only if there
exist at least n + 2 points x; < x, < :+ < X4 i [b, d] for whish

1ACe)] = max |f(x) - p(x)]
<x<d
and at these points:
A(xip1) = —A(x);i=12,..,n+ 1.
Definition 2 [3]. The Chebyshev polynomial in [—1,1] is denoted by
T,,(x), where n is the degree of this polynomial .and is defined by:
T,,(x) = cosnf ;x = cosé.
And it has the recurrence formula:
T, (x) = 2xTy_1(x) = Tp_2(x) ; n=2,3,..
where To(x) =1, T,(x) = x.
Definition 2[3]. Shifted Chebyshev polynomial on the interval

[—c,c] is:
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X
T,(x) =cosnf ,cosf = Z

Lemma 1. We have for T,,(x) = cosnf ,x =cosé@ , |[t| < 1and k
(natural number).
w© L 4jm _ 4k €OS 4k0—t* sin 46 sin 4k6—t* cos 46 cos 4k6
Z]:k t T41 (x) t 1+t8-2t4 cos 46 )
Proof. In [4] it has been proved that:

Z;O:k r]Thj+c(x) =

k cos(hk+c)6—rsin ho sin(hk+c)6—t? cos hO cos(hk+c)6
r 1+r2-2r coshf
By substitutingr = t* , h = 4

and ¢ = 0 we find what is required .
2. The Best Approximation of ﬁ

Mehdi Dehghan and M.R.Eslachi found in[1], the best uniform
1

polynomial approximation to —— on [—c, c] where a? > c? and they
found that:
1 4t? 8t?2

a’-x2 c2(t%-1) - c2(t%-1) ZIO<O=0 tZsz*k(x) (1)

2 2
=X Y2 (DR TS () (2)

a?+x?  c2(t*-1)  c2(t*-1)

—vJaz=c2

where t satisfies t = <

Cc
We used their expansion to expand our functions ,then we used the
phase angle method to prove our theorem.

Theorem 2. The best uniform polynomial approximation out ofP,,, to

1 -
—— 0n [—c, c] where a® > c?is:

p*(x) = pan(x) =

4t4n+2

2 2
_ 4t 8t n
a?c?(t*-1)(t8-1)

T aZc2(t*-1)  aZci(tt-1) <k

Zot* Ty () + Tin(x)  (3)
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1 gran+6
And E4-n[ [ c, C]] = m.

- a2—c2

where t =2

C
Proof. Let’s first expand our function by Chebyshev series.
Using (1) and (2) we can find:

1 1 1 1
at—x* 2a? (a2+x2 az—xz) B

1 4t? 4t2
ﬁ[( ey 2(t4 1)Zk o(— 1)kt2kT2k(X)) pTerEra

CZ(t4 1) Zk 0 tZRTZk(x)]

—4t? 8t? . N
= a2c2(t4—1) - azc2(t4—1) Zk=0 t4kT4k(x) (4)

To prove that p*is the best uniform polynomial approximation out of
[—c,c] to , we must show that the difference

Alx) = -p"(x) Q)

has (4n + 2) alternative points in [—c, c]. From (3) and (4) we have:

82 grn+2

A0 = = Gy 2 T ~ e T

According to lemma 1 we obtain:

Alx) = —

8t411+2

aZc?(t*-1)(t8-1)

[ 47, €OS 4n6—t* sin 46 sin 4n6—t* cos 46 cos 4n0]
a?c2(t*-1) 1+t8—-2t% cos 46

cos 4nf

gt4n+2 cos4n6—t4sin49sin4n6—t4cos49cos4n6+ 1 COS4Tl9]
aZc2(t*-1) 1+t8-2t*cos 48 (t8-1)

Simplifying the previous formula using the following relations:
2

2
a
1+ t8% — 2t* cos 40 = 4t* [(zc—z - 1) - (Tz*(x))2

N X
T;x) =251
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2 2
t8—1=4t4(2‘z—2—1) —20t* +1).

a? * a? 2
t8—1=—4t* (25 -1) —(25-1
c c

We find:
_ gt t2  [(¢8-1)(1-t* cos 46)+(1+t8-2¢* cos 46)
A(x) - a?c2(t*—1) 1+t8—2t* cos 46
t4(t8—1) sin 40 . ]
(t8—1)(1+t8—2t* cos 409) sin 4n@
Replacing cos48 = 2(cos20)? —1 = Z(Tz*(x))2 -1

cos 4nf —

2 2
and sin 40 =\/1—(2(T2*(x)) —1) . Wefind:

8t4n+2

T2 (t*-1)

cos 4nf—t* sin 4n6 sin 46—t* cos 4nd cos 46

4t4[(2:—§—1)2—(T§ (x))z]

1
+5—cos4nf| =
8-1

Alx) =

grAn+2 (t8-1)cos 4nf—t* (¢8—1)sin 4nf sin46—t* (t8-1)cos 4nb cos 46

T a2t -1)(t5-1) 4t4[(2%-1)2—(rz*(x))2

cos4nf| =

(t8-1)-t*(t8-1) cos 40+4t*

a? 2 * 2
gran+2 (26_2_1) -(T3(0)

T @D w0 (25-1) ~(r30)’

cos4nf —

t*(t8-1)sin46

sin4nf | =
w0t (28-1) ~(rsco)’
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[(ts—l) [1—!54(2(7'2* (x))z —1)+4t4' (2:—;—1)2 —(T3(x))

8t4n+2 I

1

T a2 (et —1)(t5-1) 4t4[(2‘c‘—§—1)2—(T; (x))z] cos4nf —
t4(¢%-1) 1—(2(T2*(x))2—1)2 ]
Tz 7 sin4nd | =
4t4[(z‘c‘—2—1) ~(1300) Jl
[ 2 2 . 5 a2 2
— — 2
are?(tt-1)(? 1)ll (2%-1) ~(r; )’
s [ () [T oy |
sin4néf (6)

(p51) (o)’ J
Now if we define:
(23—;—1)2—(@(x))2<2(2‘§—§—1)2—1>
(23—3-1)2—(T5(x>)2
) (e o) o
() o
noticing that:

hy(-1) < -1<hy(x) <1=hy0) ;x € [—c,0]
hy(1)<-1<h;(x) <1=hy(0) ;x €][0,c]

hi(x):=

hy(x):=

and

h2(x) + h3(x) =1
we can easily say that for every x € [—c,c] there exists a A, €
(0,m),s0 that:
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(2‘2—22— 1)2—(7"2* @) (2(2‘;—5—1)2 —1>
(o) ()
Jo ) oy oy

(25i-1) -0
Replacing (7) and(8) in (6) we obtain:
8t4'n+6

Caze(tt— 1) - 1)
8t4'n+6

= - A D@D cos[4nb + A,]

Now if x varies from -c to 0, then 8 varies from wto 0, x varies from
0to % , A, varies from 0 to m and cos[4n6 + A, ] varies from cos nr

to cos —m . Hence when x varies from-c to ¢, cos[4né + A, ]varies
from cos 4nt to cos —m and consequently,
cos[4nb + A,]

possesses at least 4n+2  extremal points, where it assumes
8t4n+6

a2c?(t*-1)(t8-1)
Therefore p* (x)is the best approximation out of P,,, and

_ gran+e K 1
Alx) = —m(—l) ; k=0,1,.....4n+1.

cosA, = hy(x) = @)

sind, = hy(x) = (8)

Alx) =

[cos A, cos 4nf — sin A, sin4nf]

alternately the values +

1 8t4n+6
E4-TL [a4 _ x4l [_C) C]] = “f - p4n||00 = azcz(t4 _ 1)(t8 _ 1)
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