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Weak Base and independent weak
base of vector space
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Abstract

The problem of generation and oneness considered for expressing
about an element is very important and has a big effect in mathematics
in general and in algebra in special for example in vector spaces which
has a finite dimension, where every element from this space is written
in a lonely form in terms of elements of subset in this space and in this
case we called this subset from the space (generated and linearly
independent) base of space.

In second section of this paper we study the weak base for vector
space, we obtained a full description weak dimension vector space and
it is proved that finite weak bases for vector space have the same
cardinality. In addition to that, it is proved that a finite subset X of vector
space is weak base if and only if X is minimal weak generated set.

Also, we proved that every generated set of vector space contains
weak base of this space. It is proved that for weak dimension spaces
every weak independent subset can be extended to weak base for this
space.

" Department of Mathematics Al-Baath University.
Department of Mathematics Damascus University.
Department of Mathematics Al-Baath University.

277



asdll o aSla clphllenia s liadl Alidl) Al sac iy Adpaall 52c )

In addition to that, we obtain many of important and interesting
properties for weak base. In third section we study the independent
weak bases for vector space and we proved that every subspace of
some space is weak generated by subset not contained in it, contains
weak independent base.

Finally, we proved the sufficient and necessary condition to be
subspace U maximal in vector space V , that every weak independent
base of subspace U is base of V. Also, we proved that many
important and interesting properties for weak independent bases of
vector space.

Key Words: Vector space, Generating and weakly generating,
Linearly indep-endence and weakly independence, Base and Weak
Base, independent weak base.
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1. Introduction:

The problem of generation and oneness considered for expressing
about an element is very important and has a big effect in mathematics
in general and in algebra in special, for example in vector spaces
which has a finite dimension, every element from this space is written
in one and only one way as linear combination of elements of subset
in this space and in this case we called this subset from the space
(generated and linearly independent) base of space. The role of base of
vector space effects the minds of many algebraist internationality and
they try to generalize the base concept to other algebraic structures
entitled the weak base and the first attempt is the looking for the
smallest generated sets for many algebraic structures as group, ring
and others which is studied by L. Halbeisen in [6], [7] and [10].

In 2014 Michal Hrbek in [4], generalize the concept of bases of
modules, where he define a weak base (generated and weakly
independent) of module M over an associative and unitary ring R,
where the subset X of M is weak base of M , if X generated this
module and satisfy the following condition, for any finite set of

elements  Xp, Xp,++, Xy € X'such that gyx +ayXy +++++ X, =0
where oy, a5, -+, &, € R follows that all elements ¢ (1<i<n)

not invertible in R. In his work he fined the sufficient and necessary
condition for some module over Dedekind to have weak base.

In 2015, R. Pavel continues the work of H. Michal in [5], where he
describe Abelian group which has a minimal generated set and he
fined the sufficient and necessary condition for Abelian group to have
a minimal generated set.

In 2016, R. Pavel and H. Daniel in [3] answered positively the
following question is the module over finite product of divisible rings
having weak base.?

In [1] we study the concept of weak generation of vector spaces and
study weak independence. In this work we continue our study of this
concepts throw study weak independent and weak bases of vector
spaces.

In second section of this paper we study the weak base for vector
space, we obtained a full description weak dimension vector space and
it is proved that finite weak bases for vector space have the same
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cardinality. In addition to that, it is proved that a finite subset X of
vector space is weak base if and only if X is minimal weak generated
set.

Also, we proved that every generated set of vector space contains
weak base of this space. It is proved that for weak dimension spaces
every weak independent subset can be extended to weak base for this
space.

In addition to that, we obtain many of important and interesting
properties for weak base. In third section we study the independent
weak bases for vector space and we proved that every subspace of
some space is weak generated by subset not contained in it, contains
weak independent base.

Finally, we proved the sufficient and necessary condition to be
subspace U maximal in vector space V , that every weak independent
base of subspace U is base of V. Also, we proved that many
important and interesting properties for weak independent bases of
vector space.

2. Weak Bases and Weak Dimension.

In this section we study the notion of a weak base of a finite
dimensional vector space over a field and its basic properties. We start
with the following definition:

Definition [1]. A finite subset X ={v;,v,,---,v,} of a vector space
V over a filed F is weakly generated of V over F, if for every
element x eV there exists {&;},  F such that x=2>", e;v,and

", a; =0, inthis case we write V = (X)),
Lemma 2.1 [1]. Let V be a vector space over a field F and X,Y are

finite subsets of V . Then the following are hold:

1-(v),, ={0} for every element veV .

2-1f (X),, #{0}, then Card X >2.

- (x),, <(X).

4-(X),, =(X) ifandonly if X =(X),, .

5 If X is linearly independent, then X & (X, and (X)#=(X)

W
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6-1f X <Y, then (X) <(Y), .

7-1f X <(Y),, . then (X), <=(Y), and (X)=(Y),

8-If 0¢ X, then V =(X) ifand only if V = (X L{0}),, .
Definition [1]. A finite subset X ={v,,v,,---,v }of a vector space
Vover a filed Fis weakly independent in V if, for any
a,,a,, -+, a, € Fsuch that 2" v, =0 and 2, o, =0, implies
that o, =, ==, =0.

If X is not weakly independent in V , then we say that X is fully
dependent.

Lemma 2.2 [1]. Let V be a vector space over a field F. The

following hold:
1 — The set {0} is weakly independent in V .

2— Each subset ofV consisting of two different elements is weakly
independent. In particular, for each non-zero element veV,
{0,Vv} is weakly independent.

3 — Each independent finite subset of V is weakly independent.

4 — Let X ={v,,V,,---,V,}be an independent subset of V , then for
any veV, the set Y={v,-vv,-v,-v, —Vv}is weakly
independent.

5-1f 0¢ X, then X is independent if and only if X {0}is weakly

independent.
6 — Let X ={v,V,,---,V,}be a subset of V,6 then Xis fully

dependent if and only if there exists an element Vj e X,
1< j <n for which there are
al,az,-~-,aj_1,aj+1,-~-,an eF

Such that Vi = Zinzl,i;ej a;V; and Zinzl,i;tj ai =1.
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Definition [8]. A finite subset X ={v,,v,,---,v }of a vector space
Vis called linearly independent if for every oq,c5, - ,a, € F

such that i1 a;V; = 0, then a; =0 forall 1<i<n.
Definition [2]. A finite subset X of a vector space V is called a base
of V ,ifitis generates V ,i.e., V = <X> and is linearly independent.

Definition [9]. If a finite subset X of a vector space V is base of V ,
then Card X is called dimension of V .

Definition. Let V be a vector space over a field F and X be a finite
subset of V . We say that X is a weak base of V , if it satisfies the
following:

1— X isweakly generated of V , i.e., V = <X>W .

2 — X is weakly independent.

Now, we provide the following Lemma which is useful in the proof
of further Theorem;

Lemma 2.3 [1]. Let V be a vector space over a field F and X be a
finite subset of V . The following are equivalent:

1 - X is weakly independent.

2 — The zero element of V is written as a weak linear combination of
X as the only form.

3_Eachve <X >W is written as a weak linear combination of X as the

only form.

Theorem 2.4. Let V be a vector space over a field F , and X be a
finite subset of V . The following are equivalent:

1- X isaweak base of V .

2 —Each veV is written as a weak linear combination of X as the
only form.

Proof. (1) = (2). Suppose that X is a weak base of V . Then X is
weakly independent and each element veV is written as a weak
linear combination of X as the only form by Lemma 2.3.

(2) = (1). Obviously V =(X}), . Also, X is weakly independent
over F by Lemma 2.3. Therefore, X is a weak base of V .
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Theorem 2.5. Let V be a vector space over a field F, and
X ={v;,V,,---,v, } be asubsetof V . If X isaweak base of V , then

any subset of V which consists of m elements where m>n, is fully
dependent.

Proof. Suppose that X ={v;,v,,---,v,} is a weak base of V , and let
Y ={u,, u,,---,u_} be a finite subset of V , where m>n. Since
X is a weak base of V , then for every U, €Y (1< j<m) there

exist elements @, ;, &,;,---,a,; € F such that:

2j
u,=24a;v,and 2. a,=0.
Let b, b,,---,b_€F such that:
. bu =0,and X" b =0.
Then:
(blan) v+ (b1a21) v, + (b1a31) Vit (blanl)vn +
+ (b2a12)V1 + (bza'zz)vz + (bza32)V3 Tt (b2an2)vn +

+(0,a,)v,+0.a, )V, +0Oa, )V +---+(0Oa,)v, =0.
Consequently, we find that:

(b1a11 + b2a12 + b3a13 teet bmalm)vl +
+ (b1a21 + bzazz + b3a23 teeet bmaZm) v, +

+ (b1an1 + bzanz + bsans teeet bma'nm)vn =0
and that:
(b1a11 + b2a12 + b3a13 teet bmaim) + (b1a21 + bzazz + b3a23 +ot bmaZm) +

+---+(ba,+ba,+ba.+---+b.a )=
bl(a11+a21+a31+"'+an1)+b2(a12+a22+a32+"'+an2)+
+""'_bm(am +a,, ta,, +”'+anm):ernzlbj(zin:laij):ern:lbjozo
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Since X is weakly independent, we find that:

blall + b2a12 + b3a13 teeet bmalm =0
ba,, +b,a,+ba,,+---+b,a, =0:
ba,+ba,+ba.+---+ba =0
b+b,+b,+---+b, =0
The last system of Nn+1 homogeneous linear equations in m
unknowns, is equivalent to:
ba, +b,a,, +ba,,+---+ba, =0 :
ba,+ba,+ba,+:--+ba, =0
b,+b,+b,+---+b, =0
Since M > n, then the number of equations is less than the number of

unknowns. Therefore, the above homogeneous linear equation system
has an infinite number of solutions. This shows that

Y ={u,, u,, ---,u_} is fully dependent.

Theorem 2.6. Let V be a vector space over a field F, and

X ={v,,v,,---,v,} be a subset of V. If X is a weak base of V ,

then any other weak base of V also consists of n elements.

Proof. Suppose that Y ={u,,u,,---,u, }is another weak base V . We

suppose that m = n, then we can recognize two cases:

1 — If m>n, then X s fully dependent by Theorem 2.5, a
contradiction.

2 — If m<n, then Y is fully dependent by Theorem 2.5, a
contradiction.

Therefore, m=n.

If a finite subset X of V is a weak base of V , then we call Card X a

weak dimension of Vowver F, and we denote it as

w-dim_V =Card X . In this case, we say that V is a finite weak

dimensional vector space.
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Example. With R as the field of real numbers, let
X ={(1,0), (0,1), (2, 3)} be a subset of the vector space R* over
R. It's easy to show that X is weakly independent, and R* =(X),,
where:

X—Yy y —3X X+Yy
(X7 y) - T(l’ 0) + 4 (0’ 1) + 4
for any (X,y)eR?. Thus, X is a weak base of R?, and
w-dim, R? =3.
Lemma 2.7. Let V be a vector space over a field F . The following
hold:

1 - w-dim_({0})=1, i.e, {O}is a weak base of the zero vector

space.
2— IfV #{0},and X isaweak base of F, then:

Card X =w-dim_V >2.

3-1If X isaweak base of V , then V =(X) and w-dim_V >1.
Proof. 1 — We have ({0}),, ={0} by Lemma 2.1(1), and the set {0}
is weakly independent by Lemma 2.2(1). Therefore {0} is a weak

(2.3)

base of the zero vector space, and w-dim_({0})=1.
2 — Direct by Lemma 2.1(4), and (1).
3 — Suppose that X is a weak base of V , then V =(X) . Since

X <V, then V =(X) by Lemma 2.1(4). Also w-dim_V >1 by

(1) and (2).

Now, we provide the following Lemma which is useful in the proof
of following important Theorem:

Lemma 2.8 [1]. Let V be a vector space over a field F and X be a
finite subset of V . Then the following hold:

1 —If Xis a minimal weakly generated set of V ,then X is weakly
independent.
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2 — If X is maximal weakly independent, then X is a minimal weakly
generated set of V .

Theorem 2.9. Let V be a vector space over a field F, and
X ={v,,v,,---,v,} be asubset of V . The following are equivalent:
1- X isaweak base of V .

2 — X is maximal weakly independent.

3— X is minimal weakly generated set of V .

Proof. (1) = (2). Suppose that X is a weak base of V . Let veV
such that v ¢ X, sinceCard (X u{v})=n+1>n, then X U{v}is

fully dependent by Theorem 2.5. Therefore X is maximal weakly
independent.

(2) = (3). Direct by Lemma 2.8.

(3) = (1). Suppose that X is minimal weakly generated set of V ,
then X is weakly independent by Lemma 2.8. Therefore X is a
weak base of V .

Theorem 2.10. Let V be a vector space over a field F,and X be a
finite subset of V such that 0 ¢ X . The following are equivalent:

1- X isabaseof V.

2 — X U{0} is a weak base of V .

Proof. (1) = (2). Suppose that X is a base of V, since X is
independent, then X U{0} is weakly independent by Lemma 2.2(5).
On other hand, X generates V , then X {0} is weakly generated of
V by Lemma 2.1(8). Therefore X {0} is a weak base of V .
(2) = (1). Suppose that X {0} is a weak base of V, since
X {0} is weakly independent, then X is independent by Lemma
2.2(5). On other hand, X W{0} is weakly generated V , then

X generates V by Lemma 2.1(8). Therefore X is a base of V .
According to the last Theorem, we can form the following Lemma:
Lemma 2.11. Let V be a vector space over a field F and

dim_V =n. The following hold:
1-w-dimV =n+1.

288



2021 .2 232l (37) alaall . Al aglall 3 dasls Alae

2—LetV, and V, are subspaces of V such that V =V, +V,, then:
w-dim:V =w-dim_V, +w-dim_V, —w-dim; (V, "V,)
3—LetV, and V, are subspaces of V such that V =V, ®V,, then:
w-dim:V =w-dim:V, +w-dim:V, -1

4 — Let {V.}*, be a family of subspaces of V such that
V =X @V, then:

w-dim.V =X w-dim.V, —(k —1)

Proof. 1 — Since dim_V =n, then any base of V consists of n

elements. Let X be a base of V , then X U{0} is a weak base of
V by Theorem 2.10. On the other hand, any other weak base of V
also consists of n+1 elements by Theorem 2.6. Therefore,
w-dim:_V =n+1.

2-Since V =V, +V,, then:

dim_V =dim_V, +dim_V, —dim_ (V, "V,).

Then:

w-dim:V =w-dim_V, +w-dim_V, —w-dim. (V, "V,)

by (1).

3-Since V =V, ®V,,thenV =V, +V, and V, "V, ={0}. Then by
(2) implies:

w-dim:_V =w-dim_V, +w-dim_V, —w-dim. ({0})

On the other hand, w-dim ({0}) =1 by Lemma 2.7(1). Therefore:
w-dim:.V =w-dim_V, +w-dim_.V, -1

4 — Direct by (3) and induction on n.

Now, we provide the following Lemma which is useful in the proof

of following important Theorem:
Lemma 2.12 [1]. Let V be a vector space over a field F and

X ={v,,v,,---,v,} be a subset of V. Then for any element

V, €(X) suchthat v, =X, &V, and
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" a #1lwnere a,a,,---,a, € F, the following hold:
1-If X isindependent, then X {Vv,} is weakly independent.
2 — If X is maximal independent, then X U{v,} is maximal

weakly independent.

3-If X is maximal weakly independent, then X is dependent.

4 — If X is maximal weakly independent, then there exists an
element v e X (1<j<n) can be written as a linear

combination of X \{v;}, such that X \{v;} is maximal
independent.
Moreover, V; = PZl,iijﬂiVi and zinzl,i;tjﬂi #1 where

{BXiai.j<F.

Theorem 2.13. Let V be a vector space over a field F, and
X ={v;,V,,--+,v,} be a subset of V . The following hold:

1-1If X isabase of V,then X can be expanded to a weak base of

V.
2 — If X is a weak base of V, then there exist an element

v; e X, (1< j<n) suchthat X \{v;} isabase of V , also:

n
i=1, i

V=21 oV and X2

i=1, i G, #1
where {c; }inzl,i;tj cF.

3 — There exist a finite subset Y of V , suchthat Y is a weak base of
V.

Proof. 1 — Suppose that X is a base of V, then the set X is
maximal independent by Theorem 2.9. Let VeV such that

v=>"1 aV, where ¢, €F for 1<i<n,and 2", & #1. Then
the set X W{V} is maximal weakly independent by Lemma 2.12(2).

Therefore, X W{V} is a weak base of V by Theorem 2.9.

2 — Suppose that X is a weak base of V, then X is maximal
weakly independent by Theorem 2.9. So, X is dependent by Lemma
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2.12(3). Hence, there exist an element V; € X (1<j<n)canbe
written as a linear combination of X \{v;}, then X \{v,}is
maximal independent by Lemma 2.12 (4). Therefore, X \{v,} is a

base of V . On other hand:
v, = n aV. ,and 2"

i1, izj &iVi o i=1, i%]

o, =1

where {¢; }P:].,i;tj c F by Lemma 2.12(4).
3 — Direct by (1), since every vector space has a base.

Theorem 2.14. Let V be a vector space over a field F, and
X ={v,Vy,---,Vq} be a subset of V. The following are
equivalent:

1- X isweakly generated of V ,i.e., V = <X>

2 — X contains a minimal weakly generated set of V .
3— X contains a weak base of V .

Proof. (1) = (2). Suppose that V :<X>W. If X is weakly

independent, then X is a weak base of V , then X is a minimal
weakly generated set of V' by Theorem 2.9. Suppose that X is not
weakly independent, then X is fully dependent, then by Lemma
2.2(6), there exists an element let it be V, € Xsuch that

W

v,=21aV, and 21, ;=1 where o, e F (2<i<n). Itis
obvious that Y, = X \{Vv,} is weakly generated of V . If Y, is weakly
independent, then Y,is a weak base of V, then Y, is a minimal
weakly generated set of V' by Theorem 2.9, and Y, < X . Suppose
that Y, is not weakly independent, then Y, is fully dependent, then by
Lemma 2.2(6), there exists an element let it be V, €Y, such that
Vo =2 s Bivi and 20 5 B =1 where 5 e F (3<i<n). Itis
obvious that Y, =Y, \{v,} is weakly generated of V. If Y, is
weakly independent, then Y, is a weak base of V , then Y, is a
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minimal weakly generated set of V by Theorem 2.9, and Y, = X .
By proceeding this way we get a set:

Y =X\{v,Vv,,---,v.}; (1<i<n)

where Y is weakly independent, and is weakly generated of V , then
Y is aweak base of V , then Y is a minimal weakly generated set of
V by Theorem 2.9, and Y < X . Therefore X contains a minimal
weakly generated set of V

(2) = (3). Suppose that Y < X is a minimal weakly generated set
of V , then Y is a weak base of VV by Theorem 2.9.

(3)=(1). without loss of generality, suppose that

Y ={v,,V,,---,v.}= X where m<n is a weak base of V, then

for any veV then there exist elements
a,a,, ,a,€Fsuchv=2" oV, and 2, &, =0. Then, for:
am+l :am+2 :'”:an :O

we find that v=2" oV, and 2, o, =0, then X is weakly

generated of V ,ie., V = <X>W .

Theorem 2.15. Let V be a vector space over a fieldF,
and X ={Vv,, V,, -,V } be asubset of V . If w.dim_V =n, then
the following hold:

1—1f X isweakly independent, then X isaweak base of V .

2—1f X isweakly generated of V , then X is a weak base of V .
Proof. 1 — Suppose that X is weakly independent. Since
w.dim_V =n, then any subset of V which consists of n+1
elements is fully dependent by Theorem 2.5. Thus, X is maximal
weakly independent. Therefore, X is a weak base of V by Theorem
2.9.

2 — Suppose that X is weakly generated of V . Then X contains a
weak base of V by Theorem 2.14, and let it be S .Since S < X,

then Card S <Card X, where both X and S are finite sets. We
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suppose that Card S=Card X, then CardS<n, ie,
w.dim_V <n, a contradiction. Thus:

CardS=Card X =n

Since S < X, then S = X . Therefore, X is aweak base of V .
Theorem 2.16. Let V be a vector space over a field F, and
w.dim_V =n, then any weakly independent finite subset of V can
be expanded to a weak base of V .

Proof. Let X ={v,,V,,---,V_} be a weakly independent subset of
V . Since w.dim. V =n, then m < n by Theorem 2.5.

—If m=n,then X isaweak base of V by Theorem 2.15.

—If m < n, then we recognize two cases:

| - If X independent , then X can be expanded to a base of V , let
it be Y . On the other hand since Y is a base of V , then Y can be
expanded to a weak base of V' by Theorem 2.13.

Il — If X is weakly independent and non-independent, then there

exists an element and let it be V, € X can be written as a linear
combination of X \{v,}. Thus, v, =2" eV, and X", o #1
where o, € F for all 2<i<m by [1, Theorem 3.11]. Also
X \{v,} is independent by [1, Theorem 3.9]. Therefore, X \{v,}

can be expanded to a base of V , let it beY . SinceY is a base of V ,
and X \{v,} Y, then Y is maximal independent, and Vv, Y .

Thus, Y U{V,} is maximal weakly independent by Lemma 2.12(2).
Therefore, Y W{V, } is a weak base of V by Theorem 2.9.

Theorem 2.17. Let V be a vector space over a field F, and
w.dim_ V =n, then for any subspace K of V the following are
hold:

1-w-dim.K<w-dimV.

2 — Any weak base of K can be expanded to a weak base of V .

3- K=V ifandonlyif w-dim.K=w-dim_V .
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Proof. 1 — Since K subspace of V, then dim.K <dim.V .
Hence:

1+dimK <1+dimV

Thus W-dimg K <w-dimgV =n by Lemma 2.11.

2 — Suppose that Y is a weak base of K, then Y is weakly
independent. Therefore, Y can be expanded to a weak base of V by
Theorem 2.16.

3-(=)If K=V then w-dim.K=w-dimV .

(<=) Suppose that w-dim_K =w-dim_V , then then there exists
a weak base of K consists of n elements, let it be X, then
K =<X>W and X is weakly independent. On other hand, since
XcKcV,and w-dim.V =n, then X is a weak base of V
by Theorem 2.15. Therefore V = <X >W =K.

3. Independent weak base of a subspace.
Let V be a vector space over a field F and X be an independent
finite subset of V , then X is weakly independent by Lemma 2.2(3).

Moreover, X & (X), by Lemma 2.1(5). Thus, X is not a weak
base of <X >W . In this section, we study a weakly generated subspace

U by an independent finite subset of V . We start with the following
lemma:

Lemma 3.1. Let V be a vector space over a fieldF, and U be a
subspace of V .

Suppose that X,Y are finite subsets of V such that

U=(X), =(Y), F XY andY U, then X zU.

Proof. Suppose that the set Y ={Vv,, V,,---,V_} is weakly generated
of U, ie, U :<Y>W,and Y zU . Let X ={v,,V,, -V, } bea
subset of Y such that U =<X>W where N>mMm. We suppose that
X cU thenU = <X> by Lemma 2.1(4). On the other hand, since
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X cY then, U g<Y>. Let We<Y>, then there exist elements
B By B, €F such that w=X, Bv,. Also, v;; €Y =(Y)
foreach v;; € X where 1< J <m. Consequently:

W=w-— (2, BV, € <Y>

since (Xp, B)— (i, B)=0,then W e(Y) =U.Aslong as
U :<X> there exist elements o, @,,, -, &;, € F such that
W =2, oV, Hence:

W= zrjnzl o Vi + (z:ﬂ ﬂk )Vij

Thus, welU, e, <Y>gU . Thus, U :<Y>, then Y U by
Lemma 2.1(4), a contradiction. Therefore, X U .

Theorem 3.2. Let V be a vector space over a field F, and
X ={v,, V,,--,V,} be an independent subset of V. The following
hold:

1-w.dim. (X) =n,and dim. (X) =n-1.

2 — The set:

Xi={v, =V, V, =V, -+, Vi, =V, 0,V =V, oo, v, =V 3 <X>
is a weak base of <X >W forall 1<i<n.Also X, \{0} is a base of
xX),.

Proof. 1 — Suppose that X is independent, then X ¢<X>W and
<X> * <X>W by Lemma 2.1(5).

On the other hand, since <X>W C<X> by Lemma 2.1(3) and
dim. (X)=n, then dim_ (X), <n. Thus,
w.dim. <X>W <n+1 by Lemma 2.11(1), Hence:

w.dim. (X) <n

W
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Then, the cardinality of any weak base of <X >W is not greater than n
by Theorem 2.6. On the other hand, the set:

Y={0,v,-Vv,---,v, -V, }=(X),

is weakly independent by Lemma 2.2(4). Since CardY =n, then Y
is maximal weakly independent subset of <X >W . Hence, Y isaweak
base of (X), by Theorem 2.9. Therefore, w.dim_ (X) =n.
Thus, dim, <X>W =n-1 by Lemma 2.11.

2—Let v, € X, where 1<i <n, then the set:

X, :{Vl_Vqu =V, Vig =V, 00V = e Y _Vi}g<x>

is weakly independent by Lemma 2.2(4). Since w.dim._ <X> =n

W

by (1), and since Card X, =n then, X, is a weak base of <X>W

by Theorem 2.15. Also, X, \{0} is a base of <X>W by Theorem

2.10.

Now, we state the concept of an independent weak base of a subspace
and its properties, we start with the following definition:

Definition. Let V be a vector space over a field F, and U be a
subspace of V. We say that the finite subset X of V s an
independent weak base of U , if it satisfies the following:

1- X isweakly generated of U ,i.e., U =<X>W.

2 — X isindependent.

Lemma 3.3. Let V be a vector space over a field F_ The following

hold:

1 — If the finite subset X of V is an independent weak base of a
subspace U , then w-dim_U =Card X and X U .

2 — For any non-zero element VeV the set {V} is an independent
weak base of the zero subspace.
3—1If X isaweakly independent finite subset of V , then:

w-dim_(X) =CardX.

i’ W
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Proof. 1 — Direct by Theorem 3.2, and Lemma 2.1(5).
2 — Let veV be a non-zero element, then <{V}>W =0 by Lemma

2.1(1). Therefore, {V} is an independent weak base of the zero

subspace of V , where {V} is an independent subset of V .

3 — Suppose that X is a weakly independent finite subset of V , then
We recognize two cases:
— X is weakly independent and non-independent, then X is a weak

base of (X ) . Thus, w-dim_(X) =CardX.

— X isindependent, then X is an independent weak base of <X>W
Thus:

w-dim, (X)  =Card X

by ().

Example. With R as the field of real numbers, let R,[X] the vector
space of polynomials over R of degrees at most 2 in indeterminate X
and R[X] the vector space of polynomials over R of degrees at
most 1 in indeterminate X. R [X] is a subspace of R,[X]. Moreover,
the set:

X ={-1+x%1+ %, x+x*}<= R,[X]

is an independent weak base of R [X], where:

—a+b

ax+b:%_b(—1+x2)+ L+ x?) +a(x+ x?)

forevery ax+b e R[x]; a,beR.

Theorem 3.4. Let V be a vector space over a field F, and U be a
subspace of V . Suppose that X is an independent finite subset of V .
The following are equivalent:

1— X isan independent weak base of U .

2 —Each U €U is written as a weak linear combination of X as the
only form
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Proof. (1) = (2). Suppose that X is an independent weak base of
U, then U :<X>W. Since X is independent, then X is weakly
independent by Lemma 2.2(3). Therefore, each U €U is written as a
weak linear combination of X as the only form by Lemma 2.3.

(2) = (D). It's obvious that X is weakly generated of U . Since X

is independent, then X is an independent weak base of U .
Theorem 3.5. Let V be a vector space over a field F, and U be a
subspace of V . Suppose that X ={Vv,, V,,--+,V_} is an independent

weak base of U . The following hold:
1 — Any finite subset Y of V consisting of m where m>n such

that Y U and U = <Y >W , is fully dependent.

2 — Any independent weak base of U consists of n elements.
3 — X is the smallest finite subset of V such that X U and

U= <X>W, i.e., if Y is a finite subset of V such that Y U and
U =(Y), then CardY >n.

4 — Any independent finite subset Z of V such that U :<Z>

consists of N elements.
Proof. 1 — Suppose that X is an independent weak base of U , then
w-dim_U =n by Lemma 3.3. Let Y ={u,, U,,---,u_} where
m > N be a finite subset of V. suchthat Y U and U = <Y >W , then
u—-u ey for any 1<i<m, S that
Y, ={0,u,—u,---,u_ —u}cU. Since m>n, then Y, is fully
dependent by Theorem 25. Thus, there exist elements
a, a,,---,a, € F notall zero such that:

s (U —u)=0,and 27, & =0.
Moreover, we have:
Ziril Q; (ui _ul) = Zlnll ou; — (z:il ai)ul = iril ;U
Then:

w !
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moau,=0,and 2.7, & =0.
Since the elements &,, a,,---,a, € F not all zero, then Y is fully
dependent.
2 — Suppose that Y ={u,, U,, ---,u_} is another independent weak

base of U . We suppose that m=n, then we can recognize two
cases:

—If m>n,then X is fully dependent by (1), a contradiction.

—If m<n,thenY isfully dependent by (1), a contradiction.
Therefore, n = m.

3 - Suppose that Y ={u,, U, ---,u_} is a finite subset of V such
that Y zU and U :<Y>W. Let UeU , then there exist elements

m

a,a,, - €F such that u=2>" ;U and >
Moreover, we have:

u=2" ol =270 ol — (2 op)u, =200 o (U —u,)

Since u—u ey for any 1<i<m, then
Y,={0,u,—u,---,u —u}cU and U =<Y1>W . Thus, Y,
contains a weak base of U by Theorem 2.14, i.e., W-dim_U <m.

Therefore, CardY >n.
4 — Direct by (1) and (3).

,a.=0.

Now, we provide the following Lemma which is useful in the proof
of following important Theorem:
Lemma 3.6[1]. Let V be a vector space over a field F and

X ={vq, Vy, -,V } be asubset of V . The following hold:

1 — If X is weakly independent and non-independent, then
X < (X), and (X)=(X). .

2 — If X is dependent such that X & (X) . then X is fully
dependent.
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Theorem 3.7. Let V be a vector space over a field F, and U be a
subspace of V . If X is a finite subset of V such that X U and
U =(X),, then X  contains an independent weak base of U .

Proof. Suppose that X ={v,,V,,--,V.} such that X zU and
U :<X>W. If X is independent, then X is an independent weak

base of U . We suppose that X is not independent, then X is fully
dependent by Lemma 3.6(2). Thus, there exists an element let it be

Vv, € X suchthat v, =21, v, and 2.1, &, =1 where ¢, € F for
all 2<i<n by Lemma 2.2(6). It is obvious that Y, = X \{v,} is
weakly generated of U . Moreover, Y, zU by Lemma 3.1. If Y, is
independent, then Y, is an independent weak base of U . We suppose
that Y,is not independent, then Y, is fully dependent by Lemma
3.6(2). Thus, there exists an element let it be V, € X such that
V,=20. 6V, and 27, 5 =1 where S eF (3<i<n) by
Lemma 2.2(6). It's obvious that Y, = X \{v,,V, } is weakly generated
of U . Moreover, Y, zU by Lemma 3.1. If Y, is independent, then
Y, is an independent weak base of U . We continue in this way to
have the independent set Y = X \{v,, V,,---,v_} where 1<m<n

which is weakly generated of U ,i.e., Y is an independent weak base
of U . Therefore, X contains an independent weak base of U .

Notice. Let V be a vector space over a field F , and U be a subspace
of V. If X is a finite subset of V such that X & U and there exists
a subset Y < X such that Y is an independent weak base of U ,

then it is not necessary that U =(X) . This is shown in the
following example:
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Example. With R as the field of real numbers, let
U ={(x,—X,0); X € R}be a subspace of the vector space R* over
R . We note that:

X ={(,0,0),(0,1,0),(0,0,)}z U

It is easy to show that Y ={(1,0,0),(0,1,0)} — X is an independent
weak base of U , but U = <X>W

Theorem 3.8. Let V be a vector space over a field F and U be a
subspace of V where W-dim_ U =n. Suppose that X is a finite
subset of V consisting of N elements such that X U . If
U =(X),, then X is an independent weak base of U .

Proof. Suppose that X U and U =(X)_, then X contains an
independent weak base of U by Theorem 3.7 let it be S. Since
S < X, then:

Card S<Card X ..

We suppose that Card S = Card X . Since S is an independent
weak base of U , then:

w-dim_U =Card S

by Lemma 3.3. Thus, W-dim_ U < n, a contradiction. Hence:

Card S=Card X .

Since S< X and X is finite, then S = X . Therefore, X is an
independent weak base of U .

Theorem 3.9. Let V be a vector space over a field F and U be a
subspace of V. Suppose that X ={v,, V,,---,V_} is a weak base of
U . The following hold:

1—Forevery VeV suchthat vgU the set:

Y ={v,+V,V,+V,---,V +V}

is an independent weak base of U .

2 — For every finite-dimensional subspace K of V there exists a
subset Z of V suchthat Z is an independent weak base of K .
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Proof. 1 — Suppose that X ={V,,V,,---,V. } is a weak base of U ,
then:

w-dim_U =n.

Let WeU , then there exist elements ¢, @,, -, &, € F such that:
w=2"1 oV, and 21, o, =0.

Let VeV suchthat vgU , then:

W= Zin:1 a\V; + Ov= Zin:1 aV; + (zinzl G, )V = in:1 &, (Vi +V)-
Since 2.1, o, =0, then the element W is written as a weak linear
combination of the set Y ={v,+V,V,+V,---,v. +V}. Thus,
wWe <Y>W, ie., U c <Y>W.

On the other hand, let Ue <Y>W, then there exist elements

B By B, € F such that:

u=2% B(v,+v)and 2, B =0.

Moreover:

u= Zin=1 IB| (Vi +V) = Zin:1 :Bivi + (Zinzl IBI)V = in=1 /Bivi +0v= Zin=1 :Bivi
Since 2., B =0, then the element U is written as a weak linear
combination of X . Thus, ueU, i.e, <Y>W cU. Hence,
U=(Y),

Since veU, then V.+vegU for all 1<i<n, ie, YzU.
Therefore, Y is an independent weak base of U by Theorem 3.8
where Card Y =n.

2 — Direct by Theorem 2.13 and (1).

Theorem 3.10. Let V be a vector space over a field F and U be a
subspace of V. Suppose that X ={v,, V,,--+,V_} is an independent
weak base of U , and v €V . The following are equivalent:
1-Theset Y ={V, —V,V, —V,---,v. —V}is aweak base of U .
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2 — There exist unique elements «,, &,, -, &, € F such that:
v=2" aV, and 2, o, =1.

Moreover, VgU .

Proof. (1) = (2). Suppose that Y ={v, =V, V, —V,---,V. —V} isa
weak base of U, then Y is weakly independent and non-

independent, i.e., Y is dependent.
Thus, there exist elements 3, 3,, -, 5, € F notall zero such that:

in=1 IBi(Vi _V) =0.
We suppose that 22", B =0, then £ =0 for all 1<i<n because

Y is weakly independent, a contradiction. Thus, =2, S #0.
Therefore:

V= Zin:1 (ﬁ_lﬂi )Vi and z?:l ﬁ_lﬂi =1.

Since X is independent, then the elements «, =f" 5 eF,
1<i<nareunique,and vegU .
(2)= (). Suppose that X ={V,,V,,---,V.} is an independent

weak base of U . Let v=2", v, €V where o, &, -+, @, € F
such that >, &, =1, then:

Y={v,-V,V,—-V,---,v. -V} U.

Let welU then there exist elements A, f,,---, 3, € Fsuch
thatw =2, BV, and 20", 5 =0. Moreover, we have:

W= Zin:1 ﬁivi —0v= z?:l ﬁivi _(Zin:l ﬁu)v = in:1 IB| (Vi _V)
Thus, U =(Y), . Since X is an independent weak base of U , then:
w-dim_U =n

by Lemma 3.3. Therefore, Y is a weak base of U by Theorem 2.15.
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Theorem 3.11. Let V be a vector space over a field F and U be a
subspace of V. Suppose that Y ={V,,V,,, Vi, -,V } is an

independent weak base of U and veV such that v=2", oV,
and X7, o, =1 where &, @,,++,a, € F. Then for every finite

subset X ={v,,V,,---,v.} of V such that X zU and Y < X
the following are equivalent:

1- X isweakly generated of U ,i.e., U = <X>W.
2—- X, ={v,—-v,v,—V,---,v. —Vv}cU.

Proof. (1) = (2). Since Y = X and U :<X>W,then v.—veU
forall 1L<i<n. Therefore, X, ={v, —=Vv,v, =V, --,v, —v}cU.
(2)= (). since Y ={v,,V,,, V5, **,V,,,} is an independent weak
base of U and VeV such that v=2T, aV;; and 2.7, o, =1
where o, @,, -+, ,, € F , then:

Y :{Vu =V, Vi, = ViV, -Vv}cU

is a weak base of U by Theorem 3.10. On the other hand, since
Y < X, then:

Y X ={v,-v,v,—-V,---,v. —v}cU
Thus, U :<Xl> by Theorem 2.14. Since Y < X, then
U c(X), by Lemma 2.1(6). Let ue(X) , then there exist

B Py B, €F such that u=X" Av. and " B =0.
Moreover, we have:

u=2% v, =20 Bv, — L BIvV=21 BV, —V)

Then:
u :Zinzl ﬂi(vi _V) ,and Zinzlﬂi =0.
Hence, ueU ,ie., (X) <U . Therefore, U =(X)

W

"
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Lemma 3.12. Let V be a vector space over a field F and U be a
subspace of V. Suppose that X ={v,,V,,---,V,} is a subset of

V such that X zU and U :<X>W. Then v, gU for every
1<i<n.

Proof. Suppose that U is a subspace of V and X ={v,,V,,---,v. }
is a subset of V such that X zU and U :<X>W. Then we

recognize two cases:
— X is independent, then:

v, =0v, +---+0v, , +1v, +Ov, , +---+0v,

for all v, € X where 1<i<n. Therefore, every v, € X can not be
written as a weak linear combination of X where 1<i<n, i.e,
v.gU.

— X is dependent, then X contains an independent weak base of U
by Theorem 3.8 letitbe Y ={v,;, V;,, -~ V. }; (M<n). Since Y is
independent, then V;; gU for every 1< j <m. We suppose that,
there exist an element v,; € X suchthat v, ¢Y and v,, €U . Since
Y is an independent weak base of U , then there exist elements
a, a,,---,a, € F suchthat:

V=271,V and 27, a; =0
Since Y is independent, then this writing is unique. On the other
hand, since Y <Y, ={V,y,Viy, Vi, -, Vi, J< X, then U =(Y,)

by Lemma 2.1(6). Since CardY,>CardY, then Y, is fully

dependent by Theorem 3.5. Hence, there exist elements
By, B+, B, € F notall zero such that:

o BVi;=0and 2.7, B, =0.
We suppose that, £, =0 then:
20 BV, =0and 227, B, =0.
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Since Y is independent, then S =p,=---=£,=0, a
contradiction. Thus:

By #0 and vy =27, (=5,) " BV,

Since — /3, :ZT:1 ﬂj, then er“:l (—ﬂo)‘lﬂj =1, a contradiction,
ie, Vi, gU .

Therefore, Vjq & U forevery 1<i<n.

Theorem 3.13. Let V be a vector space over a field F and U be a
subspace of V. Suppose that X ={v,, V,, -,V } is a subset of V

such that X zU and U =<X>W , then U is a maximal subspace of
(X).

Proof. Suppose that U =(X) , then U < (X) by Lemma 2.1(3).
Since X U then U ¢<X>by Lemma 2.1(4), i.e.,U C<X>. We

recognize two cases:
— X isindependent, then X is a weak base of the subspace <X >W

Thus, w-dim_U =n by Lemma 3.3, then dim_U =n-1 by
Lemma 2.11.
On the other hand, since X is independent, then dim. (X)=n.

Therefore, U is a maximal subspace of <X> .

— X is dependent, then there exists a subset Y of X such that Y is
a base of <X> ,i.e., <X> = <Y> , then <Y>W is @ maximal subspace of

(X) by the first case. Moreover, since Y < X then (Y) U by

Lemma 2.1(6), then U = <Y>W . Therefore, U is a maximal subspace

of (X).
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Notice. Let V be a vector space over a field F, and X be a finite
subset of V' such that X & <X>W . If the finite subset Y of V isa

base of <X> , then it is not necessarily that Y is an independent weak
base of <X>W. Moreover, if the finite subset Y of V is an

independent weak base of (X ) , then it is not necessarily that Y is

a base of <X> . This is shown in the following example:

Example. With R as the field of real numbers, let
X ={(0,0), (0,1,0)} be a subset of the vector space R* over
R. Suppose that:

V =(X)={(x,y,0) :x,yeR}

U=(X), ={(x,—x,0) :xeR}

It is clear that Y ={(0,0,1), (1, —1,1) } is an independent weak
base of U, but it is not a base of V. Moreover,
Y,={@210), (0,1,0)} is a base of V, but it is not an
independent weak base of U .

Theorem 3.14. Let V be a vector space over a field F and U,W are

subspaces of V' such that U W . If each independent weak base of
U isabase of W, then W =V .

Proof. Suppose that U —cW and X ={V,,V,,:--,V, } is a base of
U , then:

Y ={0,v,,V,,---,V. }

Is a weak base of U by Theorem 2.10. Moreover, for every v eV
such that v &U | then:

Z={V,V,+V,V, +V,---,V_+V}

Is an independent weak base of U by Theorem 3.9. Since Z is a
base of W by assumption, then veW ,ie., V W .Since W isa
subspace of V , then W =V .
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Theorem 3.15. Let V be a finite-dimensional vector space over a
field F and U be a subspace of V . The following are equivalent:

1— U is amaximal subspace of V .

2 - If X <V is an independent weak base of U , then X is a base
of V.

Proof. (1) =(2). Suppose that dim_V =n. Since U is a
maximal subspace of V, then dim_U =n-1. Moreover,
w-dim_U =n by Lemma 2.11. Thus, there exists a finite subset
X <V suchthat X is an independent weak base of U by Theorem
3.9, where Card X =n and X is independent. Therefore, X is a
base of V .

(2) = (1). Suppose that X <V is an independent weak base of
U, then X is a base of V by assumption, i.e.,
U= <X>W <V =(X). Therefore, U is a maximal subspace of V/

by Theorem 3.13.

Notice. Let V be a finite-dimensional vector space over a field F and
U be a maximal subspace of V . If X is a base of V , then this does
not necessarily mean that X is an independent weak base of U . This
is shown in the following example:

Example. With R as the field of real numbers, let R,[X] the vector

space of polynomials over R of degrees at most 3 in indeterminate
X, RZ[X] the vector space of polynomials over R of degrees at most

2 in indeterminate X, and R [X] the vector space of polynomials
over R of degrees at most 1 in indeterminate x. R[X] is a

subspace of R,[X], and it is a maximal subspace of R,[X].
Moreover, the set:

X ={-1+x}1+x’, x+x* }= R,[X]

Is an independent weak base of R [X], but it is not a base of R,[X].
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Theorem 3.16. Let V be a vector space over a field F, and U be a
maximal subspace of V . Suppose that X ={V,, V,,---,V, } is a base

of V and v=2, oV, where «,,a,, -, a,€F such that

", a, =1. The following are equivalent:
1— X isan independent weak base of U .
2-Y ={v,—V,V,—V,---,v, =V} is a weak base of U .

Proof. 1 — Direct by Theorem 3.10.
2 — Direct by Theorem 3.9.

Theorem 3.17. Let V be a vector space over a field F , and U be a
proper subspace of V . Suppose that I={Y.}._, is the family of all

finite subsets of V such that Y, zU and U =(Y,) foralliel.
The following are equivalent:

1-U=n_(Y,).

2 — U is not a maximal subspace of V .

Proof. (1)=(2). Let Y, €3J. Since Y, zU and U =(Y,)

thenY, contains an independent weak base of U by Theorem 3.7, let

w'

it be X,. We suppose that U is a maximal subspace of V , then V is
a finite-dimensional vector space over F and X, is a base of V by
Theorem 3.15, i.e., V = <Xi>. Thus, V = <Yi> for all i el , then
V=n, <Yi>, i.e., U =V, a contradiction. Therefore, U is not a

maximal subspace of V .
(D)= (2). since Y, zU and U =(Y,)  for every Y, €T, then

U <(Y,) by Lemma 2.1(3). Thus, U = ", (Y;). Let X =V isan

independent weak base of U , then X € 3, and U is a maximal
subspace of <X> by Theorem 3.13. Since U is not a maximal
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subspace of V', then X is not a base of V by Theorem 3.15, i.e.,
V # <X> Moreover, U < M, <Yi> g<X>.

We suppose that U = M, , <Yi>. Since U is a maximal subspace of
<X> , then:

M (V) =(X)

Which means that, each independent weak base of U is a base of
Mig (Y,), then V =~ (Y,) by Theorem 3.14, i.e., V =(Y,) for all

iel . Thus, U is a maximal subspace of V, a contradiction.
Therefore, U =, , <Yi>.

Theorem 3.18. Let V be a vector space over a field F, and U be a
subspace of V . Suppose that X ={V,,V,,---,V, } is a subsets of V

suchthat X U and <X>W c U . The following hold:

1- Xz (X), .

2-v, ¢U forall 1<i<n.

Proof. 1 — We suppose that X C<X>W. Since <X>W cU , then
X U , a contradiction. Therefore X o (X), .

2 — Without loss of generality, we suppose that v, eU . It is clear
that:

X, ={0,V, =V, Vy =V, -, v, =V T (X)), -

since (X),, <U , then u; =V, —v, €U for all 1<i<n. Thus,
V,=U+V,eU for all 1<i<n, ie, X cU, a contradiction.
Therefore v, ¢U forall 1<i<n.

Theorem 3.19. Let V be a vector space over a field F, and U be a
subspace of V. Suppose that w.dim.U=n and
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X ={v,V,,---,v_} is an independent subsets of V such that
X U where n>m. The following are equivalent:

1- (X >W cU.

2 — X can be expanded to an independent weak base of U contained
inV .

Proof. (1) = (2). Suppose that (X) <U. Since X is
independent, then:

Xl :{O’ Vo =V V3 =V, Vg _Vl}g <X>W

Is a weak base of (X ) by Theorem 3.2. Since (X) <U and X,

is weakly independent, then X, < U . Moreover, by Theorem 2.16
X, can be expanded to a weak base of U , let it be:

Y :{0’ Vo, =V, Vg =V, Vg _Vl’vm+l"“1vn}'

Since X U ,then v, U by Theorem 3.18. Therefore:
Z={V,,V,,Vq, -,V , V. + VoV, +V, }

Is an independent weak base of U by Theorem 3.9.
(2) = (2). Obvious.

m+1
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