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Idempotent Elements and Annihilator
Relative to Right Ideal

Dr. Hamza HAKmi"

Abstract

In this paper we study the notion of idempotent elements relative to
right ideal, we give other characterization of this elements. Also, we
present several examples of idempotent elements relative to right ideal
in matrices ring and ring integer modulo N.

In addition to that, new results obtained include necessary and
sufficient conditions for a some ring to be has idempotent elements in
term of matrices ring. Where we obtain the relationship between
idempotent elements in some ring and idempotent elements relative to
right ideal in matrices ring over this ring.

Finally, we introduced the concept of annihilator of element relative to
right ideal as generalization of annihilator of element in some ring.
Where we obtain several equivalently conditions of this concept.

In addition to that, we characterization of this concept in term matrices

ring. Where we proved that if Ris a ring and a,be€R. Then
b e r(a) if and only if there exists X € R such that for

|x 0 10 x
a= 0 al 'B_[b 0:|€rp(05).

Keywords: Idempotent element, Ring relative to right ideal,
idempotent relative to right ideal, Ring of matrices Local ring and
Local ring relative to right ideal.
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1 - Introduction.

In 1987, V. A. Andrunakievich and Yu. M. Ryabukhin [2], were the
first who studied the concept of quasi-regularity and primitivity
relative to right ideal. Later, V. A. Andrunakievich and A. V.
Andrunakievich [1] in 1991, studied the concept of regularity of rings
and idempotent elements relative to right ideals. He proved that a ring
R is regular relative to right ideal P # R if and only if for every
aeR, aR+ P =eR+P where e € R isanidempotent relative to P .
In 2011, P. Dheena and S. Manivasan [3] studied quasi-ideals of an
P —regular near-rings. In 2018, H. Hamza studied potent rings
relative to right ideal. In section 2, of this paper we study properties of
idempotent element relative to right ideal and we presented example
of this elements. Also, we find the relationship between idempotent
elements in some ring R and idempotent elements relative to some
right ideal in 2x 2 matrices ring over R. In section 3, we study
concept of annihilator relative to some right ideal as generalization of
concept annihilator. We obtain several equivalent conditions of this
concept. In addition to that, we characterization of this concept in term
matrices ring.

Throughout of this paper rings R, are associative with identity. We
denote the Jacobson radical of aring R by J(R)

2 — ldempotents.

We start this section with the following: An element € of aring R is

called idempotent if e? = e, [4].

Definition [1]. Let R be a ring and P # R be a right ideal of R.
Recalled that an element e € R is an idempotent relative to right ideal
P or (P —idempotent for short) if

e’—ecPandePc P

Note that in previous definition it is easily verified that every
idempotent is an P —idempotent. In particular, 0,1 Rare P —
idempotents. Also, if P =0, then an element ec R is anP —
idempotent if and only if € is an idempotent.
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Lemma2.1. Let R bearingand P # R be aright ideal of R. Then
for every P —idempotent e € R the following hold:
1—-Anelement 1—e € Risan P —idempotent.

2~ Anelement €> € Risan P — idempotent.
3- Anelement 1—e” € Risan P — idempotent.

4-1feeJ(R), theneecP.

5—If € hasaright inverse, then 1—e e P.
6 —If 1—e hasarightinverse,then e € P .

Proof. Suppose that e € R is an P —idempotent, then > —e e P
and eP — P, so € =e+ p, for some p, e P.

1 - We have

(1-e)*=(1-e)(l-e)=1-2e+e+p,=1-e+p,

so (1-e)*—(-e)=p, eP.

Also, forevery te P, (1—-e)t=t—eteP,so 1-e)Pc P.

2 —We have

(6")* = (e+ Py)(e+ Py) =€° +€py + Py + Pp

So (e*)°—e*=ep,+ p,e+p; €ceP+PR+PcP and so
e’P=e(eP)cePcP.

3 —Obvious by (1) and (2).

4 — Suppose that e € J(R), then 1—¢e has an inverse in R, so
(L—e)a=1forsome acR andso e=(e—e®)ac PRcP.

5 — Suppose that € has a right inverse in R, then ea=1 for some
aeR andso

e=e’a=(e+p,)a=ea+ pa=1+pacl+P
thusl—-eeP.
6 — Suppose that 1—€ has a right inverse in R, then (1—e)b =1for

some be R andso e=(e—e’)be PRc P.
From Lemma 2.1 and for P =0 we obtain the following:
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Corollary 2.2. Let R be aring and € € R be an idempotent. Then
the following statements hold:

1 — Elements e2, 1—e are idempotentsin R.
2-1feeJ(R),then e=0.

3—If e hasarightinversein R, then e =1.
4—-1f 1—e hasarightinversein R, then e=0.

Lemma 2.3. Let R be aringand P # R be a right ideal of R. For
every P —idempotent e € R the following statements hold:

1 — For every positive integer K, an element eX is an P-—
idempotent.

2 — For every positive integer K, an element 1—e* isan P—
idempotent.

3 — For every positive integer K, an element (1—e)* is an P —
idempotent.

Proof. 1 — Suppose that € is an P —idempotent, then e —e e P
and eP = P,so0 €° =e+ p, forsome p, €P.

Proof by induction on K. For k =1,2 the assertion holds by
assumption and Lemma 2.1. Suppose that ek_1 isan P —idempotent,
then (ek_l)2 —eklep, eflp cP so (ek_l)2 —ek 1y Py
for some p; € P, thus

k2 k-1y2 .2 k-1
(") =(e"")"e" =(e" "+ py)(e+ pg) =

k k-1
=€ +€ "Po+ Me+ P1Po

so (€)2—eX =pwhere p=eXpy+ pe+ pppeP. This

shows tha’t(ek)2 —eX e Pand (ek)2P =eeXPcePc P. Ths,

e isan P — idempotent.

2-By (1) and Lemma 2.1.
3-By (1) and Lemma 2.1.
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Next, we present an example of an P —idempotent elements.

Example 2.4. Let Z be the ring of integers and let R=M,(Z) be

the ring of all 2x 2 matrices over the ring of integers Z . It is clear
that the set

- Yot

isarightideal in R and P # R.. Let

n n
f= eR
L—n 1—n}

where Ne Z, then f is an idempotent in R, so f isan P—
idempotent in R. Let

n m
e= eR

where N,meZ, then € is an P —idempotent in R, but not
idempotent, and element:

2
02 _| M (n+1)m cR
0 1

is an P —idempotent in R. Also, for every positive integer K the
element:

[k k-1 .t
N~ m):i_an
k 2t=0 :|ER

e =
0 1
isan P —idempotentin R. In addition to that, the element:

1-n —-m
l-e= eR
o

isan P —idempotentin R and
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A
162 — 1-n (n+1)m cR
0 0

is an P —idempotent in R. Also, for every positive integer K the
element:

1-e¥ =

B k k-1 .t
1-n —mXign
Z’[—0 cR
i 0 0

isan P —idempotent in R. In addition to that, the element:

1-e)? - -n? -@-mm|_.
0 0

is an P —idempotent in R. Also, for every positive integer K the
element:

o) :{(H)k —m(l—n)“} R

0 0
isan P —idempotentin R.
Let R bearingand P = R be aright ideal of R. Let Pid(R) the
set of all an P —idempotent elements in R. It is clear that Pid(R) is
a nonempty subset of R, because 0,1 Pid(R).
For every f,e e Pid(R), we define the relation (~) on Pid(R)
as following:
e~f < e-feP
It is easy to see that (~) is an equivalent relation on Pid(R). If
e e Pid(R), then the equivalent class

e={f:fePid(R);e-f eP}

Lemma 2.5. Let R be aring and P # R be a right ideal in R. If
e,d €R suchthat e—g € P, then g is an P —idempotent if and

only if & isan P —idempotent.
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Proof. Suppose that € — g € P, then e =g + p; for some p; € P.
Assume that g is an P —idempotent, then 92 -geP, gPcP.
So 92 =g + pg forsome py € P and

e =(g+p)(g+P)=0%+0p + PO+ Prpy =

=0+ P +t0PL+ O+ PP =

=g+ P +(=pr+Po+ 9P+ P19+ PrPy)

For p'=py+(—=pr+Po+9p+ P9+ pPP) P, we have
e?—e=p eP and

ePcgP+p, P

This shows that € is an P —idempotent. Similarly, we can prove the
converse.

Lemma 2.6. Let R bearingand P # R be aright ideal of R. Then
for every P —idempotent € € R the following hold:

K _eeP.

2 — For every positive integer K, (1—e)k ~(1-e), ie,
1-e)X-(1-e)eP.

3 —For every positive integer K, 1-ef~1-e, e,
1-e)—(1-e)eP.

Proof. 1 — Assume that e R is an P —idempotent, then
e’ —ecP and ePcP,s0 e2—e= Po for some pg € P. Let
k be a positive integer, proof by induction on K .

1 — For every positive integer K , ek ~e,ie, €

For k =1,2 the assertion holds by definition. Suppose that ekl-e

k-1 k-1

,thene” " —eePsoe

ek —e:eek‘l—eze(e+ pl)—e:(e2 —e)+ep, =

=pgt+eppeP+ePcP

=ep, forsome p; € P. Thus,
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SO ek~e.

2 — Itis clear by (1), because 1—e isan P —idempotent.
3- (1—ek)—(1—e) = ¢k +e:—(ek —e) e P by (2).
In example 2.4 we found that the element:

|~ m R=M,(Z
e—{o JE =M (2)

for every nymeZ, is an P —idempotent. So by Lemma 2.6 for

every positive integer K , ek ~e,ie,

K k-1
e |™ M _|In mY¥gnt _ ok
0 1 0 1

forevery N,me Z and (1—e)k ~1-e,ie,

oo {1— n - m} _ {(1 n¢ —-m@- n)k‘l} _(1-e)"
0 0 0 0

also, 1—eX ~1-¢e,ie,

Ak skt
1-e = 1=n Mo N cl-e
0 0

oo 1-n -m| |1-n* —-mXgn' 1k
0 0 0 0

Lemma 2.7. Let R bearingand P # R be aright ideal of R. Then
for every P —idempotent € € R the following hold:

1 — If for some positive integer K, ek

l1-eeP.

2 — If for some positive integer K , (1—e)k has a right inverse, then
eecP.

has a right inverse, then
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Proof. Suppose that € € R is an P —idempotent, then e* —e € P
and eP P, so e’ —e+ Po forsome pg € P.

1 — Assume that ek has a right inverse for some positive integer K,
since by Lemma 2.3 eX is an P —idempotent, 1-efep by

Lemma 2.3,s0 1= e+ p; forsome p e P.

k

On the other hand, since by Lemma 2.6 ek ~ e, e —eeP, so

ek=e+ P2 for some p,eP therefore

1=eX + pp=€+pPy,+ Py, thusl—e=p, +p; eP.

2 — Suppose that (1— e)k has a right inverse for some positive integer
k, since by Lemma 2.3 (1—e)k is an P —idempotent, by (1)
1-(1-e)eP,soeeP,

Definition. Let R be aringand P # R be a right ideal of R. Two
P —idempotents €, f € R are called P —orthogonal idempotents if

ef € P.Itisclearthatif € € R isan
P —idempotent, then €, (L—€) are P —orthogonal idempotents.

Lemma 2.8. Let R bearingand P # R be aright ideal of R. Then
for every P —idempotent € € R the following hold:

1 — For every positive integer K, eX,1—e are P — orthogonal
idempotents.

2 — For every positive integer K, (1—e)k, e are P —orthogonal
idempotents.

3 — For every positive integer K, 1—ek, e are P —orthogonal

idempotents.
Proof. (1). Suppose that € € R isan P —idempotent, then by Lemma

2.3 ek is and P —idempotent for every positive integer K . Proof by
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induction on K . For k =1 the assertion holds by definition. Suppose
that e“*(1—e) e P, then

e“(l—e)=ee*'(l—-e)eceP P

SO ek and 1—e are P —orthogonal idempotents.

2 - Since e € R isan P —idempotent, then by Lemma 2.3 (1—e)*

isan P —idempotent for every positive integer K . Proof by induction
on k. For k=1 the assertion holds by definition. Suppose that

e(l—e)“* € P, then

e(l—e) =e(l-e)**(l-e)e PRc P

so e and (1—e)* are P —orthogonal idempotents.

3-Since € € Risan P —idempotent, then by Lemma 2.3 (1—e)" is
an P —idempotent for every positive integer K . On the other hand,
e?—eeP andePc P, so e? =e+ Po for some pg € P. Proof
by induction on K. For k=1 the assertion holds by definition.
Suppose that e(1—e*™) e P, then
el-e)=e—-e"=e-e“Ye+p)=

—e—e“+e"'p, =e@-e")+e""p, eP+e PP

so e and 1—e* are P —orthogonal idempotents.

Lemma 2.9. Let R be a ring and P # R be a right ideal in R.
Suppose that e, f ePPid(R). If e, f are P —orthogonal

idempotents, then e,h are P —orthogonal idempotents for every
hef .

Proof. Suppose that e, f are P —orthogonal idempotents, then
ef eP, so ef =p, for some pyeP. Let hef, then
h—f eP,so h=1f + p, forsome p, € P, thus

eh=e(f +p)=ef +ep =p,+ep,eP+ePcP
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so e, h are P —orthogonal idempotents.

Example 2.10. In Example 2.4 we found that the element:

e=|" MeRr=M,(2) g
=lg 1|R=M: an

1-n —-m
l-e= 0 0 eR=M,(2)

for every nme Z, are P —idempotents. So by Lemma 2.3 for
every positive integer K € Z

ok :{n" mYon'
0 1
1—e:{1_n _m}e R=M,(2)
0 o

are P —orthogonal idempotents. Also,
e=|" MeRr=M,(2) g
= c = an
01 2

(1_e)k{(1—n>k ~m(-n)**
0 0

are P —orthogonal idempotents.

:|€R=M2(Z) and

}GR:MZ(Z)

Next, we present another example of idempotent relative to right ideal:

Lemma 2.11. Let Z be the ring of integers and let R =M, (Z) be

the ring of all 2x 2 matrices over the ring of integers Z . It is clear
that the set

[ e
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isarightideal in R and P # R.. Let

e{l O}eRzMZ(Z)
n m

where n,meZ, then e is a Q—idempotent in R. Also, the
element:

) 1 0

e” = ,|eR= M, (2)
nl+m) m

is a Q —idempotent in R and for every positive integer kK € Z , the

element:

. 1 0
= gkt e |SR=M:@D)

isa Q —idempotentin R, and the element:

1—e:{ 0 0 }eRzMZ(Z)

-n 1-m
isa Q —idempotent in R, also the element:
1-e® = 0 0 Z}ER:MZ(Z)
-nl+m) 1-m
isa Q— iaempotent in R, and the element:
K i 0 0
l1-e" = _nZ't:émt 1_mk:|€R:M2(Z)

isa Q —idempotentin R, and the element:

- 0 0 _
1-e) _|:_n(1_m)K—1 (l_m)k]ER—Mz(Z)

isa Q —idempotent.
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- 10
Note that e= { } forall x,y e Z} )
Xy

e~e’~e’~...~g"
— 0 0
Also, l-e= forallx,yeZ )
Xy
l1-e~1-e°~1-e*~...~1-¢"
10 10
In addition to that, f = , h= eR=M,(2)
2 3 3 4

are not Q — orthogonal idempotents.

We again use the notation, let R be a ring and S =M, (R) be the
ring of all 2x 2 matrices over aring R. It is clear that the sets:

T

are right ideals in S suchthat P = Sand Q #S.

The connection between the idempotent elements in R and P —
idempotent elements (Q — idempotent elements) in S we provide in
the following:

Theorem 2.12. For any element € € R the following hold:
1-If e isan idempotent in R, then for every X,y € R, the element

eoz{g y}eS
€

isan P —idempotentin S .

X
2 — If for some X,y € R, an element €, = {O
e

y}es isan P—

idempotent in S, then e is an idempotent in R.
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3-If e isanidempotentin R, then for every X,y € R, the element

e 0
€ = L( y} € S isan Q —idempotentin S .

e O
4 — If for some X,yeR,theeIementeO:{ j|€S isan Q —
Xy
idempotent in S, then e is an idempotent in R.
Proof. 1 — Suppose that € is an idempotent in R, then for every
X, YyeR,

2 ] 2 _
e§—e0:{x xy+ye}_{x y :{x X Xy+Ye y}ep

0 e 0 e 0 e’ —e
a b
and  for  every p= {O 0 e P, where a,beR,

0
idempotentin S .

xa Xxb _ _
g P = e P, so e,P < P, this shows that €, isan P —
0

X
2—Let X,y €R such that g, = {O y} €S isan P —idempotent

e
in S . Since e, —e, € P,

x> xy+ye| [x y| [xX*-x xy+ye-y| [a D
0 e 0 el | 0 e2—e | |0 O

for some a’,b’ € R, so €2 =e. This shows that e is an idempotent
in R.

3 — Similarly as in (1).

4 — Similarly as in (2).
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Example 2.13. Let Z, be the ring of integer modulo 6. It is known
that 3,4 € Z, are idempotent elements in Z. Let R =M, (Z;) be
the ring of all 2x 2 matrices over aring Z;. It is clear that the set:

i o

is a right ideal in R such that P=R. For every X,yeZ;,
elements:

Xy Xy
0o 3/™o0 4
are P —idempotentsin R.

3 — Annihilator Relative to Right Ideal.

In this section we study the concept of annihilator relative to right
ideal, we start with the following:

Definition. Let R be aring, P # R be arightideal of R and a € R
. We called the set

Ip(a) ={x:xeR;axe P}

the right annihilator of @ in R relative to right ideal P, or P —
annihilator for short, of @ in R. Properties of P —annihilator we
study in the following:

Lemma 3.1 [5]. Let R be aring and P # R be a right ideal of R.
Then the following statements hold:

1—Forevery a € R theset Ip(a) isarightideal in R.
2-Forevery ae R, aPc P ifandonlyif Pcrp(a).
3-Forevery a€R, rp(a) =R ifandonlyif a e P.
4— rp)=P.

5-Forevery P —idempotent ee R, P rp(e).

Lemma 3.2. Let R be aringand P # R be a right ideal in R. For
every a,be R suchthat a—beP, rp(a) =rp(b).
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Proof. Suppose that a—b € P, then a =b + p, for some py € P.
Let Xerp(a), then axe P, so bx=ax+ pgxe P+PRc P
andso X € Ip(b) . Thus, rp(a) = rp(b).

Similarly, we can prove that Ip (D) c 1p (@) .

Let R be aring and P#R be a right ideal in R. For every
a,b € R, we define the relation (~) on R as following:

a~b < a-beP

it is clear that (~) is an equivalent relation on R. If a € R, then the
equivalent class

a={b:beR;a~b}={b:beR;a—beP}

and by Lemma 32 a={b:beR; rp(a) =rp(b)}. So the set
R={ I'p (&) : @ € R} constitute a partition of aring R.

Lemma 3.3. Let R be aringand P # R be aright ideal of R. Then
for every P —idempotent € € R the following statements hold:

1- r,(e)=(1-e)R+P.

2- I, (1-e)=eR+P.

3- 1,(e*) =ry(e) and 1, (1-€)*) =r,(1—e).

Proof. Suppose that € € R is an P —idempotent, then el—ee P,
ePc P, so e’ =€+ p, forsome py € P.

1 - Let Xers(e), then exe P and
x=ex+(l—e)xe(@l—e)R+ P thus

r(e)c(l-e)R+P.

Let ye(l—e)R+P, then y=(@0-€)z+p, where zeR,
p, €P,so0

ey=(e—e*)z+ep e PR+ePc P

This shows that I, (1—e) =eR+P.
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2 — Since e R is an P —idempotent, then 1—ee R isan P —
idempotent and by (1),

r(l-e)=1-(1-e)R+P=eR+P.

3- Let X eI, (e%), then e’x e P, so €°x = p, for some p, € P
andso (e+ py)X=p,

therefore eXx=—p,X+ p, e PR+P P, thus xer,(e).ie.

' (€%) o e).

Let yer,(e), then eyeP and e°’ycePc P so yer,(e?)
jie ry(e) 1. (%), thus

r,(e%)=r.(e). Also, r,((1—€)®)=r,(1—€), hence 1—e is an
P —idempotent.

Note that in Lemma 3.3 and for P =0 we derive the following:
Corollary 3.4. Let R be aring and € € R be an idempotent. Then
the following hold:

re)=1-e)R, r(l—e)=eR

Lemma 3.5. Let R be aring and P # R be a right ideal in R. If
e e R isan P —idempotent, then the following hold:

1— For every positive integer k , I (€) = I, (€*).

2 — For every positive integer K , I, (1—€) =1, ((1—¢€)").

3 For every positive integer k I, (1—¢€) =1, (1—€*).

Proof. 1 — Suppose that € € R is an P —idempotent and K is a
positive integer. Proof by induction on k. For kK =1 the assertion
holds by definition. For K =2,

r,(€?) = r,(e) by Lemma 2.3. Suppose that I, () =T, (). Itis
clear that I, (€) < I, (%), because if X €I, (€), then exe P, so
e“x=e"exce* P c P andso x e 1, ("),
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Letyer,(e"), then e*yeP and e“leyeP, <o
eyer, () =r,(e), this shows that e’yeP, e,
yer,(e?)=r.(e), thus I, (€¥) = 1. (e).

2 — Implies by (1), hence 1—e € R isan P —idempotent.

3_Wehave 1—e and 1—€" are P— idempotents for every positive
integer K by Lemma 2.1 and Lemma 2.3.
Proof by induction on K . For k =1 the assertion holds by definition.

For k =2, since € isan P —idempotent, e2—eeP and ePcP,
so e®=e+p, for some P,eP. Let xer,(1—e), then
(1-e)xeP,so x=ex+ p, forsome p, € P and so

X = (&% — o)X+ P, =€°X— PoX+ Py

(1-e°)x=—pyx+p, e PR+PcP

so Xer,(1-€°) and so r(l-e)cr.(1—e”). Let
y er,(1—€%), then (1—e®)y e Pand

y= ezy + Psg for some p,eP and SO
y=(+Po)y+P3=ey+ Py + Pg and
(1-e)y=pogy+p3ePR+PcP

so yerp(l—e) and rp(l—ez)g rp(l—e).

Assume that rp(l—e):rp(l—ek_l). Let Xerp(l—e), then

K=1x + p’ for some p'€ P and

k

xerp(l-e¥1) so x=¢
x =e“Zex + p’ =ek_2(e2 + Pg)X+p'=e

1—e*Nx=—eX2pox+ p ce“IPR+PceP+P P

x —ek—2 PoX+ p’

so X € rp(l—ek) and rp(1—e) < rp(l—ek).
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Let y e Ip(L—€eX), then y=eXy+p" forsome p"eP,
y=e"%e’y+ p =e(e+ po)y+p" =€y +e P poy+ p”
(1—ek_1)y =gk poy+p" e e ?PR+PceP+PcP
soyerp(l—e* ) =rp(l—e), thus rp(1—eX) = rp(L—6).

Example 3.6. Let Z be the ring of integers and let R=M,(Z) be

the ring of all 2x 2 matrices over the ring of integers Z . It is clear
that the set:

Yo

1 2
isarightidealin R and PR .Let a= L J € R then:

r.(a) = {L);X —éy} X, Y€ Z}

1 n
So for a ={ J eR where n,meZ, then
m

rp(a):{ X y }:x,yeZ}

-mx —-my

Let bz{2 1}eR, then rp(b):{_?’x _3y}:x,yez},
1 3 X y

sofor a= eR
I m

where N,m e Z , then I’P(b):{_mX _my}:X,yeZ}
X y
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2 3] X y
Let C = € R then 1,(C) = ‘X, yeZ;.So
4 1] —-4x -4y

n m
for d= 1} e R where n,m,seZ, then
S

r.(d) = {L);X —);y} X,y € Z}.

We again use the notation, let R be aring and S = M, (R) be the
ring of all 2x 2 matrices over aring R. It is clear that the subsets:

e

are right ideals in S such that P#S and Q # S . The connection
between the right annihilator in R and P —annihilator (Q —
annihilator) in S we provide in the following:

Theorem 3.7. For every ring R the following hold:

u v
1 - If az{o }ES where U,v,aeR, then
a

X
ﬂz{b (ﬂerp(a) forevery X,y € R and for every b e r(a).
u v
2 - If a:{ }ES where U,v,a€R, then
0 a

y= L))( ﬂ erp(a) forevery X,y € R and forevery ber(a).
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a 0
3 - If a:{ :|€S where U,v,aeR, then
u v
b O
p= € Iq(a) forevery X,y € R and forevery b e r(a).
Xy
a 0
4 — If a:{ :|€S where U,v,a€R, then
u v

0 b
7/:{ }erQ(a) forevery X,y € R and forevery b e r(a).
Xy
Proof. 1-Let X,y € R and ber(a), then ab=0 and
b
aﬂ:uv'xy:ux+v uyEP
0 aj|b O ab 0
so ferp(a).
2-Let X,yeR and ber(a),then ab=0 and

u vi||x vy ux uy+vb
oy = . = eP
0 a||0 b 0 ab
so y € Ip (). (3) Similarly as in (1) and (4) Similarly as in (2).

Theorem 3.8. For every ring R the following hold:
u v

1 - Let a=
0 a

:|€S where U,v,aeR, if

ﬂz{g (ﬂerp(a) for X,y,beR

then ber(a).
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u v
2 —  Let a:{o :|€S where  U,v,aeR,
a

yzL))( ﬂe e (@) for X,y,beR

then ber(a).
a o

3 - Let o=
u v

}ES where u,v,aeR,

b 0
ﬂ:{ }el’Q(a)for X,y,beR
Xy

then ber(a).
a o0

4 - Let a=
u v

}ES where  U,v,aeR,

0 b
7:{ }erQ(a)forX,y,beR
Xy
then ber(a).
Xy
Proof. 1 — Suppose that S = b 0 € Ip(a), then
b
aﬂ:u VI Xy | _jux+y uyep
0O a||b O ab 0
soab=0andsober(a).

X
2 — Suppose that ¥ = {O ﬂ € Ip(a), then

u vi||x vy ux uy+vb P
Yy = . = c
"Zlo allo b]7 |0 ab

if

if

if

so ab=0 andso b e r(a) . (3) Similarly as in (1). (4) Similarly as in (2).
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From Theorem 3.7 and Theorem 3.8 we obtain the following:

Corollary 3.9. Let R be aring and a,b € R. Then the following
hold:
1- b er(a) ifandonly if there exists X € R such that for

X 0 d B 0 X
“{o a} o ﬂ{b o}
ﬂel‘p(a).

2- b er(a) ifand only if there exists X € R such that for

x 0 x 0
a= and y =
0 a 0 b
y efp(a).
3—ber(a) ifand only if there exists X € R such that for

_aOd_bO
=g x| ™ P=o

ﬂEfQ(O[).

4 - b er(a) ifand only if there exists X € R such that for

{a 0} {0 b}
a= and y =
0 x x 0

y elg(a).

379



Sla Ban e (lial Zanaily adlgally alall yualial

:References galyal)

1- Andrunakievich A. V and Andrunakievich V. A. (1991). "Rings
that are regular relative to a right ideal". Mat. Zametki, Volume 49,
Issue 3, 3-11.

2- Andrunakievich V. A and Ryabukhin Yu. M. (1989). "Quasi-
regularity and primitivity relative to right ideals of a ring". Mat.
Sb. (N.S.), 134(176):4(2)(1987), 451-471: Math. USSR-Sb., 62:2
,445-464.

3- Deena, P. and Manivasan, S. (2011). "Quasi-ideal of a P —regular
near rings ". International Journal of Algebra, Vol. 5, no 20, 1005-
1010.

4- Goodearl, K. R. (1979)."Von Neumann Regular Rings ". Pitman,
London.

5- Hamza, H., (2018). "On Some Characterizations of Regular and
Potent Rings Relative to Right Ideals". Novi Sad J. Math.
48 (p. 1-7).

.2020/07/16 Bdes Raala Alaa ) Sl 5959 5 )
. 2020/10/15 il 4l g o )

380



