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 ــالي يمينـيبالنسبة لمث والعــوادمـاصــر الجـامـدة نــالع
 

 *حمزة حاكميد. 

 
 لخصــالم

العناصر الجامدة بالنسبة لمثالي يميني، حيث  هذه الورقة العلمية سندرس مفهوم في
سنعطي توصيفاً آخر لهذه العناصر وسنورد عدداً من الأمثلة على العناصر الجامدة 

من خلال حلقة المصفوفات فوق حلقة ما وحلقة المصفوفات  بالنسبة لمثالي يميني
 .nفوق حلقة الأعداد الصحيحة بالمقاس

حصلنا على الشرط اللازم والكافي كي تملك حلقة ما عناصر جامدة فضلًا عن ذلك، 
وفي هذا السياق  فوق هذه الحلقة.من المرتبة الثانية من خلال حلقة المصفوفات 

أوجدنا العلاقة بين العناصر الجامدة في حلقة ما والعناصر الجامدة بالنسبة لمثالي 
 يميني في حلقة المصفوفات فوق هذه الحلقة.

لعادم ما كتعميم بالنسبة لمثالي يميني  العادم لعنصرنا مفهوم لإضافة لذلك، أدخ
وقد أوجدنا العديد من الشروط المكافئة لهذا المفهوم فضلًا عن العلاقة بين  عنصر
 في حلقة ما والعوادم في حلقة المصفوفات فوق هذه الحلقة. العوادم

Rbaوكانحلقة  Rوقد أثبتنا أنه إذا كانت ,عندئذ ،)(arb  عندما وفقط
 يحقق أنه لأجل Rxعندما يوجد 
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 أستاذ في قسم الرياضيات في كلية العلوم التطبيقية بجامعة القلمون الخاصة. *
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Idempotent Elements and Annihilator 

Relative to Right Ideal 

 
 

Dr. Hamza HAkmi
*
 

 

Abstract 
 

In this paper we study the notion of idempotent elements relative to 

right ideal, we give other characterization of this elements. Also, we 

present several examples of idempotent elements relative to right ideal 

in matrices ring and ring integer modulo n . 

In addition to that, new results obtained include necessary and 

sufficient conditions for a some ring to be has idempotent elements in 

term of matrices ring. Where we obtain the relationship between 

idempotent elements in some ring and idempotent elements relative to 

right ideal in matrices ring over this ring.  

Finally, we introduced the concept of annihilator of element relative to 

right ideal as generalization of annihilator of element in some ring. 

Where we obtain several equivalently conditions of this concept.   

In addition to that, we characterization of this concept in term matrices 

ring. Where we proved that if R is a ring and Rba , . Then 

)(arb  if and only if there exists Rx  such that for  
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1 - Introduction. 
In 1987, V. A. Andrunakievich and Yu. M. Ryabukhin [2], were the 

first who studied the concept of quasi-regularity and primitivity 

relative to right ideal. Later, V. A. Andrunakievich and A. V. 

Andrunakievich [1] in 1991, studied the concept of regularity of rings 

and idempotent elements relative to right ideals. He proved that a ring 

R  is regular relative to right ideal RP   if and only if for every 

Ra , PeRPaR   where Re  is an idempotent relative to P .  

In 2011, P. Dheena and S. Manivasan [3] studied quasi-ideals of an 

P regular near-rings. In 2018, H. Hamza studied potent rings 

relative to right ideal. In section 2, of this paper we study properties of 

idempotent element relative to right ideal and we presented example 

of this elements. Also, we find the relationship between idempotent 

elements in some ring R  and idempotent elements relative to some 

right ideal in 22  matrices ring over R . In section 3, we study 

concept of annihilator  relative to some right ideal as generalization of 

concept annihilator. We obtain several equivalent conditions of this 

concept. In addition to that, we characterization of this concept in term 

matrices ring. 
 

Throughout of this paper rings R , are associative with identity. We 

denote the Jacobson radical of a ring R  by )(RJ  

2 – Idempotents. 

We start this section with the following: An element e  of a ring R  is 

called idempotent if ee 2
, [4]. 

 

Definition [1]. Let R  be a ring and RP   be a right ideal of R . 

Recalled that an element Re is an idempotent relative to right ideal 

P  or ( P idempotent for short) if  

Pee 2
 and PeP  

Note that in previous definition it is easily verified that every 

idempotent is an P idempotent. In particular, R1,0 are P

idempotents. Also, if 0P , then an element Re  is an P
idempotent if and only if e  is an idempotent. 
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Lemma 2.1. Let R  be a ring and RP   be a right ideal of R . Then 

for every P idempotent Re  the following hold: 

1 – An element Re1 is an P idempotent. 

2 – An element Re 2
is an P idempotent. 

3 – An element Re  21 is an P idempotent. 

4 – If )(RJe , then Pe . 

5 – If e  has a right inverse, then Pe1 . 

6 – If e1  has a right inverse, then Pe . 

Proof. Suppose that Re  is an P idempotent, then Pee 2
 

and PeP , so 0
2 pee   for some Pp 0 . 

1 – We have  

00

2 121)1)(1()1( pepeeeee   

so Ppee  0

2 )1()1( .  

Also, for every Pt , Pettte  )1( , so PPe  )1( . 

2 – We have 
2
000

2
00

22 ))(()( pepepepepee   

So PPPRePpepepee  2
000

222)(  and so 

PePePePe  )(2
. 

3 – Obvious by (1) and (2). 

4 – Suppose that )(RJe , then e1  has an inverse in R , so 

1)1(  ae  for some Ra  and so PPRaeee  )( 2
. 

5 – Suppose that e  has a right inverse in R , then 1ea  for some 

Ra  and so 

Papapeaapeaee  11)( 000

2
 

thus Pe1 . 

6 – Suppose that e1  has a right inverse in R , then 1)1(  be for 

some Rb  and so PPRbeee  )( 2
. 

 

From Lemma 2.1 and for 0P  we obtain the following: 
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Corollary 2.2. Let R  be a ring and Re  be an idempotent. Then 

the following statements hold: 

1 – Elements 
2e , e1  are idempotents in R . 

2 – If )(RJe , then 0e . 

3 – If e  has a right inverse in R , then 1e . 

4 – If e1  has a right inverse in R , then 0e . 
 

Lemma 2.3. Let R  be a ring and RP   be a right ideal of R . For 

every P idempotent Re the following statements hold: 

1 – For every positive integer k , an element 
ke  is an P

idempotent. 

2 – For every positive integer k , an element 
ke1  is an P

idempotent. 

3 – For every positive integer k , an element 
ke)1(   is an P

idempotent. 

Proof. 1 – Suppose that e  is an P idempotent, then Pee 2
 

and PeP , so 0
2 pee   for some Pp 0 . 

Proof by induction on k . For 2,1k  the assertion holds by 

assumption and Lemma 2.1. Suppose that 
1ke  is an P idempotent, 

then Pee kk   121)( , PPek 1
 so 1

121)( pee kk  
 

for some Pp 1 , thus 

  ))(()()( 01
12212 pepeeee kkk

 

0110
1 ppeppee kk  

 

so pee kk 2)( where Pppeppep k  
0110

1
. This 

shows that Pee kk 2)( and PePPeePe kk 2)( . Thus, 

ke  is an P idempotent. 

2 – By (1) and Lemma 2.1. 

3 – By (1) and Lemma 2.1. 



 2021 .1العدد  ـ( 37) مجلة جامعة دمشق للعلوم الأساسية ـ المجلد

361 

 

 

Next, we present an example of an P idempotent elements. 
 

Example 2.4. Let Z  be the ring of integers and let )(2 ZMR   be 

the ring of all 22  matrices over the ring of integers Z . It is clear 

that the set 

















 Zba

ba
P ,:

00
 

is a right ideal in R  and RP  . Let  

R
nn

nn
f 












11
 

where Zn , then f  is an idempotent in R , so f  is an P

idempotent in R . Let  

R
mn

e 









10
 

where Zmn , , then e  is an P idempotent in R , but not 

idempotent, and element: 

R
mnn

e 










 


10

)1(2
2

 

is an P idempotent in R . Also, for every positive integer k  the 

element: 

R
nmn

e
tk

t
k

k 










 





10

1
0  

is an P idempotent in R . In addition to that, the element: 

R
mn

e 






 


00

1
1  

is an P idempotent in R  and 
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R
mnn

e 










 


00

)1(1
1

2
2

 

is an P idempotent in R . Also, for every positive integer k  the 

element: 

R
nmn

e
tk

t
k

k 










 





00

1
1

1
0  

is an P idempotent in R . In addition to that, the element: 

R
mnn

e 










 


00

)1()1(
)1(

2
2

 

is an P idempotent in R . Also, for every positive integer k  the 

element: 

R
nmn

e
kk

k 










 




00

)1()1(
)1(

1

 

is an P idempotent in R . 
 

Let R  be a ring and RP   be a right ideal of R . Let )(RPid  the 

set of all an P idempotent elements in R . It is clear that )(RPid  is 

a nonempty subset of R , because )(1,0 RPid . 
 

For every )(, RPidef  , we define the relation )~(  on )(RPid  

as following:  

Pfefe ~  

It is easy to see that )~(  is an equivalent relation on )(RPid . If  

)(RPide , then the equivalent class 

});(:{ PfeRPidffe  . 
 

Lemma 2.5. Let R  be a ring and RP   be a right ideal in R . If 

Rge ,  such that Pge  , then g  is an P idempotent if and 

only if e  is an P idempotent. 
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Proof. Suppose that Pge  , then 1pge   for some Pp 1 . 

Assume that g  is an P idempotent, then Pgg 2
, PgP . 

So 0
2 pgg   for some Pp 0  and 

 1111
2

11
2 ))(( ppgpgpgpgpge  

 11110 ppgpgppg  

)( 1111011 ppgpgppppg   

For Pppgpgppppp  )( 1111011 , we have 

Ppee 2
 and  

PpgPeP  1  

This shows that e  is an P idempotent. Similarly, we can prove the 

converse. 
 

Lemma 2.6. Let R  be a ring and RP   be a right ideal of R . Then 

for every P idempotent Re  the following hold: 

1 – For every positive integer k , eek ~ , i.e., Peek  . 

2 – For every positive integer k , )(1~)1( ee k  , i.e., 

Pee k  )1()1( . 

3 –For every positive integer k , eek  1~1 , i.e., 

Peek  )1()1( . 

Proof. 1 – Assume that Re  is an P idempotent, then 

Pee 2
 and PeP , so 0

2 pee   for some Pp 0 . Let 

k  be a positive integer, proof by induction on k .  

For 2,1k  the assertion holds by definition. Suppose that eek ~1

, then Peek 1
so 1

1 epek 
 for some Pp 1 . Thus, 

 
1

2
1

1 )()( epeeepeeeeeee kk
 

PePPepp  10  
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so eek ~ . 

2 – It is clear by (1), because e1  is an P idempotent. 

3 – Peeeeee kkk  )()1()1(  by (1). 
 

In example 2.4 we found that the element: 

)(
10

2 ZMR
mn

e 







  

for every Zmn , , is an P idempotent. So by Lemma 2.6 for 

every positive integer k , eek ~ , i.e.,  

k
tk

t
k

e
nmnmn

e 










 













10
~

10

1
0  

for every Zmn ,  and ee k  1~)1( , i.e., 

k
kk

e
nmnmn

e )1(
00

)1()1(
~

00

1
1

1












 







 




 

also, eek  1~1 , i.e., 

e
nmn

e
tk

t

k
k 







 




 1
00

1
1

1

0

 

k
tk

t

k

e
nmnmn

e 






 







 




 1
00

1
~

00

1
1

1

0
 

 

Lemma 2.7. Let R  be a ring and RP   be a right ideal of R . Then 

for every P idempotent Re  the following hold: 

1 – If for some positive integer k , 
ke  has a right inverse, then 

Pe1 . 

2 – If for some positive integer k , 
ke)1(   has a right inverse, then 

Pe . 
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Proof. Suppose that Re  is an P idempotent, then Pee 2
 

and PeP , so 0
2 pee   for some Pp 0 . 

1 – Assume that 
ke  has a right inverse for some positive integer k , 

since by Lemma 2.3 
ke  is an P idempotent, Pek 1  by 

Lemma 2.3, so 11 pek   for some Pp 1 . 

On the other hand, since by Lemma 2.6 eek ~ , Peek  , so 

2peek   for some Pp 2  therefore 

1211 ppepek  , thus Pppe  121 . 

2 – Suppose that 
ke)1(   has a right inverse for some positive integer 

k , since by Lemma 2.3 
ke)1(   is an P idempotent, by (1) 

Pe  )1(1 , so Pe . 
 

Definition. Let R  be a ring and RP   be a right ideal of R . Two 

P idempotents Rfe ,  are called P orthogonal idempotents if 

Pef  . It is clear that if Re  is an 

P idempotent, then )1(, ee   are P orthogonal idempotents. 

 

Lemma 2.8. Let R  be a ring and RP   be a right ideal of R . Then 

for every P idempotent Re  the following hold: 

1 – For every positive integer k , eek 1,  are P orthogonal 

idempotents. 

2 – For every positive integer k , ee k ,)1(   are P orthogonal 

idempotents. 

3 – For every positive integer k , eek ,1  are P orthogonal 

idempotents. 

Proof. (1). Suppose that Re  is an P idempotent, then by Lemma 

2.3 
ke  is and P idempotent for every positive integer k . Proof by 
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induction on k . For 1k  the assertion holds by definition. Suppose 

that Peek  )1(1
, then 

PePeeeee kk   )1()1( 1
 

so 
ke and e1  are P orthogonal idempotents. 

2 – Since Re  is an P idempotent, then by Lemma 2.3 
ke)1(   

is an P idempotent for every positive integer k . Proof by induction 

on k . For 1k  the assertion holds by definition. Suppose that 

Pee k  1)1( , then 

PPReeeee kk   )1()1()1( 1
 

so e  and 
ke)1(   are P orthogonal idempotents. 

3 –Since Re is an P idempotent, then by Lemma 2.3 
ke)1(   is 

an P idempotent for every positive integer k . On the other hand, 

Pee 2
 and PeP , so 0

2 pee   for some Pp 0 . Proof 

by induction on k . For 1k  the assertion holds by definition. 

Suppose that Pee k   )1( 1
, then 

  )()1( 0
11 peeeeeee kkk

 

PPePpeeepeee kkkkk   1
0

11
0

1 )1(  

so e  and 
ke1  are P orthogonal idempotents. 

 

Lemma 2.9. Let R  be a ring and RP   be a right ideal in R . 

Suppose that )(, RPidfe  .  If fe,  are P orthogonal 

idempotents, then he,  are P orthogonal idempotents for every 

fh
 
. 

Proof.  Suppose that fe,
 

are P orthogonal idempotents, then 

Pef  , so 0pef   for some Pp 0 . Let fh , then 

Pfh  , so 1pfh   for some Pp 1 , thus  

PePPeppepefpfeeh  1011)(  
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so he,  are P orthogonal idempotents. 

 

Example 2.10. In Example 2.4 we found that the element: 

)(
10

2 ZMR
mn

e 







   and 

)(
00

1
1 2 ZMR

mn
e 







 
  

for every Zmn , , are P idempotents. So by Lemma 2.3 for 

every positive integer Zk  

)(
10

2

1

0 ZMR
nmn

e
tk

t

k
k 







 





 and 

)(
00

1
1 2 ZMR

mn
e 







 
  

are P orthogonal idempotents. Also, 

)(
10

2 ZMR
mn

e 







    and  

)(
00

)1()1(
)1( 2

1

ZMR
nmn

e
kk

k 






 




 

are P orthogonal idempotents. 

 

Next, we present another example of idempotent relative to right ideal: 

 

Lemma 2.11. Let Z  be the ring of integers and let )(2 ZMR   be 

the ring of all 22  matrices over the ring of integers Z . It is clear 

that the set 

















 Zba

ba
Q ,:

00
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is a right ideal in R  and RP  . Let  

)(
01

2 ZMR
mn

e 







  

where Zmn , , then e  is a Q idempotent in R . Also, the 

element: 

)(
)1(

01
22

2 ZMR
mmn

e 









  

is a Q idempotent in R  and for every positive integer Zk , the 

element: 

)(
01

21

0

ZMR
mmn

e
ktk

t

k 















 

is a Q idempotent in R , and the element: 

)(
1

00
1 2 ZMR

mn
e 










  

is a Q idempotent in R , also the element: 

)(
1)1(

00
1 22

2 ZMR
mmn

e 









  

is a Q idempotent in R , and the element: 

)(
1

00
1 21

0

ZMR
mmn

e
ktk

t

k 















 

is a Q idempotent in R , and the element: 

)(
)1()1(

00
)1( 21

ZMR
mmn

e
kK

k 












 

is a Q idempotent. 
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Note that 

















 Zyx

yx
e ,allfor :

01
 so 

keeee ~~~~ 32  .  

Also, 

















 Zyx

yx
e ,allfor :

00
1  so 

keeee  1~~1~1~1 32  . 

        In addition to that, )(
43

01
,

32

01
2 ZMRhf 

















  

are not Q orthogonal idempotents.  

 

We again use the notation, let R  be a ring and )(2 RMS  be the 

ring of all 22  matrices over a ring R . It is clear that the sets: 



































 Rba

ba
QRba

ba
P ,:

00
and,:

00
 

are right ideals in S such that SP  and SQ  .  
 

The connection between the idempotent elements in R  and P
idempotent elements ( Q idempotent elements) in S we provide in 

the following: 
 

Theorem 2.12. For any element Re the following hold: 

1 – If e  is an idempotent in R , then for every Ryx , , the element 

S
e

yx
e 










0
0  

is an P idempotent in S . 

2 – If for some Ryx , , an element S
e

yx
e 










0
0  is an P

idempotent in S , then e  is an idempotent in R . 
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3 – If e  is an idempotent in R , then for every Ryx , , the element 

S
yx

e
e 










0
0  is an Q idempotent in S . 

4 – If for some Ryx , , the element S
yx

e
e 










0
0  is an Q

idempotent in S , then e  is an idempotent in R . 

Proof. 1 – Suppose that e  is an idempotent in R , then for every 

Ryx , , 

P
ee

yyexyxx

e

yx

e

yexyx
ee 





























 


2

2

2

2

0

2

0
000

 

and for every P
ba

p 









00
, where Rba , , 

P
xbxa

pe 









00
0 , so PPe 0 , this shows that 0e  is an P

idempotent in S . 

2 – Let Ryx ,  such that S
e

yx
e 










0
0  is an P idempotent 

in S . Since Pee  0

2

0 , 








 






























 

00000 2

2

2

2 ba

ee

yyexyxx

e

yx

e

yexyx
 

for some Rba , , so ee 2
. This shows that e  is an idempotent 

in R . 

3 – Similarly as in (1). 

4 – Similarly as in (2). 
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Example 2.13. Let 6Z  be the ring of integer modulo 6 . It is known 

that 64,3 Z  are idempotent elements in 6Z . Let )( 62 ZMR   be 

the ring of all 22  matrices over a ring 6Z . It is clear that the set: 

















 Rba

ba
P ,:

00
 

is a right ideal in R  such that RP  . For every 6, Zyx  , 

elements: 










30

yx
 and 









40

yx
 

are P idempotents in R . 
 

3 – Annihilator Relative to Right Ideal. 
 

In this section we study the concept of annihilator relative to right 

ideal, we start with the following: 

Definition. Let R  be a ring, RP   be a right ideal of R  and Ra
. We called the set 

};:{)( PaxRxxarP   

the right annihilator of a  in R  relative to right ideal P , or P
annihilator for short, of a  in R . Properties of P annihilator we 

study in the following: 

Lemma 3.1 [5]. Let R  be a ring and RP   be a right ideal of R . 

Then the following statements hold: 

1 – For every Ra  the set )(arP  is a right ideal in R .  

2 – For every Ra , PaP  if and only if )(arP P . 

3 – For every Ra , RarP )(  if and only if Pa . 

4 –  PrP )1( . 

5 – For every P idempotent Re , )(erP P . 

Lemma 3.2. Let R  be a ring and RP   be a right ideal in R . For 

every Rba ,  such that Pba  , )()( brar PP  . 
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Proof. Suppose that Pba  , then 0pba   for some Pp 0 . 

Let )(arx P , then Pax , so PPRPxpaxbx  0  

and so )(brx P . Thus, )()( brar PP  .  

Similarly, we can prove that )()( arbr PP  . 
 

Let R  be a ring and RP   be a right ideal in R . For every 

Rba , , we define the relation ( ~ ) on R  as following:  

Pbaba ~  

it is clear that ( ~ ) is an equivalent relation on R . If Ra , then the 

equivalent class 

};:{}~;:{ PbaRbbbaRbba   

and by Lemma 3.2 )}()(;:{ brarRbba PP  . So the set 

}:)({ RaarR P   constitute a partition of a ring R . 
 

Lemma 3.3. Let R  be a ring and RP   be a right ideal of R . Then 

for every P idempotent Re the following statements hold: 

1 –  PReerP  )1()( . 

2 –  PeRerP  )1( . 

3 –  )()( 2 erer PP   and )1())1(( 2 erer PP  . 

Proof. Suppose that Re  is an P idempotent, then Pee 2
, 

PeP , so 0
2 pee   for some Pp 0 . 

1 – Let )(erx P , then Pex  and 

PRexeexx  )1()1(  thus  

PReerP  )1()( . 

Let PRey  )1( , then 1)1( pzey   where Rz , 

Pp 1 , so  

PePPRepzeeey  1
2 )(  

This shows that PeRerP  )1( . 
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2 – Since Re  is an P idempotent, then Re1  is an P
idempotent and by (1),  

PeRPReerP  ))1(1()1( . 

3 – Let )( 2erx P , then Pxe 2
, so 2

2 pxe   for some Pp 2  

and so 20 )( pxpe   

therefore PPPRpxpex  20 , thus )(erx P ,i.e. 

)()( 2 erer PP  . 

Let )(ery P , then Pey  and PePye 2
  so )( 2ery P

,i.e. )()( 2erer PP  , thus 

)()( 2 erer PP  . Also, )1())1(( 2 erer PP  , hence e1  is an 

P idempotent. 
 

Note that in Lemma 3.3 and for 0P  we derive the following: 
 

Corollary 3.4. Let R  be a ring and Re  be an idempotent. Then 

the following hold: 

eRerReer  )1(,)1()(  
 

Lemma 3.5. Let R  be a ring and RP   be a right ideal in R . If 

Re  is an P idempotent, then the following hold: 

1 – For every positive integer k , )()( k
PP erer  . 

2 – For every positive integer k , ))1(()1( k
PP erer  . 

3 – For every positive integer k , )1()1( k
PP erer  . 

Proof. 1 – Suppose that Re  is an P idempotent and k  is a 

positive integer. Proof by induction on k . For 1k  the assertion 

holds by definition. For 2k , 

)()( 2 erer PP   by Lemma 2.3. Suppose that )()( 1 erer P
k

P 
. It is 

clear that )()( 2erer PP  , because if )(erx P , then Pex , so 

PPeexexe kkk   11
 and so )( 1 k

P erx . 
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Let )( k
P ery , then Pyek   and Peyek 1

, so 

)()( 1 ererey P
k

P  
, this shows that Pye 2

, i.e., 

)()( 2 erery PP  , thus )()( erer P
k

P  . 

2 – Implies by (1), hence Re1  is an P idempotent. 

3 – We have e1  and 
ke1  are P idempotents for every positive 

integer k  by Lemma 2.1 and Lemma 2.3. 

Proof  by induction on k . For 1k  the assertion holds by definition. 

For 2k , since e  is an P idempotent, Pee 2
 and PeP , 

so 0
2 pee   for some Pp 0 . Let )1( erx P  , then 

Pxe  )1( , so 1pexx   for some Pp 1  and so 

10
2

10
2 )( pxpxepxpex   

PPPRpxpxe  10
2 )1(  

so )1( 2erx P   and so )1()1( 2erer PP  . Let

)1( 2ery P  , then Pye  )1( 2
and 

3
2 pyey   for some Pp 3   and so 

3030)( pypeypypey   and 

PPPRpypye  30)1(  

so )1( ery P   and )1()1( 2 erer PP  . 

Assume that )1()1( 1 k
PP erer . Let )1( erx P  , then 

)1( 1 k
P erx , so pxex k  1

 
for some Pp    and 

pxpexepxpeepexex kkkk  
0

2
0

222 )(  

PPePPPRepxpexe kkk   1
0

21)1(  

so )1( k
P erx   and )1()1( k

PP erer  . 
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Let )1( k
P ery  , then pyey k   for some Pp  , 

pypeyepypeepyeey kkkk  
0

21
0

222 )(
 

PPePPPRepypeye kkk   2
0

21)1(  

so )1()1( 1 erery P
k

P  
, thus )1()1( erer P

k
P  . 

 

Example 3.6. Let Z  be the ring of integers and let )(2 ZMR   be 

the ring of all 22  matrices over the ring of integers Z . It is clear 

that the set: 

















 Zba

ba
P ,:

00
 

is a right ideal in R  and RP  . Let Ra 









13

21
 then:  



















 Zyx

yx

yx
arP ,:

33
)(  

So for  R
m

n
a 










1

1
  where Zmn , , then 



















 Zyx

mymx

yx
arP ,:)( . 

Let Rb 









31

12
, then 
















 
 Zyx

yx

yx
brP ,:

33
)( , 

so for R
m

n
a 










1

1
 

where Zmn , , then 
















 
 Zyx

yx

mymx
brP ,:)( . 
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Let Rc 









14

32
 then 



















 Zyx

yx

yx
crP ,:

44
)( . So 

for R
s

mn
d 










1
where Zsmn ,, , then 



















 Zyx

sysx

yx
drP ,:)( . 

We again use the notation, let R  be a ring and )(2 RMS   be the 

ring of all 22  matrices over a ring R . It is clear that the subsets: 

















 Rba

ba
P ,:

00
 and  

















 Rba

ba
Q ,:

00
 

are right ideals in S  such that SP   and SQ  . The connection 

between the right annihilator in R  and P annihilator ( Q

annihilator) in S  we provide in the following: 

 

Theorem 3.7. For every ring R  the following hold: 

1 – If  S
a

vu










0
  where Ravu ,, , then 

)(
0

 Pr
b

yx








  for every Ryx ,  and for every )(arb . 

2 – If  S
a

vu










0
  where Ravu ,, , then 

)(
0

 Pr
b

yx








  for every Ryx ,  and for every )(arb . 
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3 – If  S
vu

a










0
  where Ravu ,, , then 

)(
0

 Qr
yx

b








  for every Ryx ,  and for every )(arb . 

4 – If  S
vu

a










0
  where Ravu ,, , then 

)(
0

 Qr
yx

b








  for every Ryx ,  and for every )(arb . 

Proof. 1 – Let Ryx ,  and )(arb , then 0ab  and 

P
ab

uyvbux

b

yx

a

vu







 



















000
  

so )( Pr . 

2 – Let Ryx ,  and )(arb , then 0ab  and 

P
ab

vbuyux

b

yx

a

vu







 




















000
  

so )( Pr . (3) Similarly as in (1) and (4) Similarly as in (2). 

 

Theorem 3.8. For every ring R  the following hold: 

1 – Let S
a

vu










0
  where Ravu ,, , if 

)(
0

 Pr
b

yx








  for Rbyx ,,  

then )(arb . 
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2 – Let S
a

vu










0
  where Ravu ,, , if 

)(
0

 Pr
b

yx








  for Rbyx ,,  

then )(arb . 

3 – Let S
vu

a










0
  where Ravu ,, , if 

)(
0

 Qr
yx

b








 for Rbyx ,,  

then )(arb . 

4 – Let S
vu

a










0
  where Ravu ,, , if 

)(
0

 Qr
yx

b








 for Rbyx ,,  

then )(arb . 

Proof. 1 – Suppose that )(
0

 Pr
b

yx








 , then  

P
ab

uyvbux

b

yx

a

vu







 




















000
  

so 0ab  and so )(arb . 

2 – Suppose that )(
0

 Pr
b

yx








 , then  

P
ab

vbuyux

b

yx

a

vu







 




















000
  

so 0ab  and so )(arb . (3) Similarly as in (1). (4) Similarly as in (2). 
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From Theorem 3.7 and Theorem 3.8 we obtain the following: 

 

Corollary 3.9. Let R  be a ring and Rba , . Then the following 

hold: 

1 – )(arb  if and only if there exists Rx  such that for  











a

x

0

0
   and  










0

0

b

x
  

)( Pr . 

2 – )(arb  if and only if there exists Rx  such that for  











a

x

0

0
   and  










b

x

0

0
  

)( Pr . 

3 – )(arb  if and only if there exists Rx  such that for  











x

a

0

0
   and  










x

b

0

0
  

)( Qr . 

4 – )(arb  if and only if there exists Rx  such that for  











x

a

0

0
   and  










0

0

x

b
  

)( Qr . 
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